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Introduction

@ Bedford and Cooke (2001) and Bedford and Cooke (2002)
gave a probabilistic construction of multivariate distributions
based on simple building blocks called pair-copulas. See also
Kurowicka and Cooke (2006).

@ Extends work by Joe (1996).

@ Overseen so far by statisticians and econometricians.

@ We believe that they provide a central tool in model building,
when conditional independence is not natural

@ Maintains the logic of building complexity by simple
elementary blocks.
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Multivariate modeling

@ Parametric multivariate distribution

@ Not appropriate when all variables do not have the same
distribution.

@ Marginal distribution 4 copula

@ Not appropriate when all pairs of variables do not have the
same dependency structure.

@ Marginal distributions + pair-copula construction
@ Very flexible structure
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Consider n random variables X = (X1, ..., X,) with
@ joint density f(xg,..., , Xp) and marginal densities
fi(x;),i =1,.

@ joint cdf F(xl,..., ») and marginal cdf's Fi(x;),i =1,...,n
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Introduction

Multivariate distributions

Consider n random variables X = (X1, ..., X,) with
@ joint density f(xg,..., , Xp) and marginal densities
fi(x),i=1,...
@ joint cdf F(xl,..., ») and marginal cdf's Fi(x;),i =1,...,n

@ factorization

fa(xn) + f(Xn—1|xn) - F(Xn—2|Xn—1,Xn) - .. - F(x1|x2, ..., Xn) (1)
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A copula is a multivariate distribution on [0, 1]” with uniformly
distributed marginals.

@ copula cdf C(uy,...,up)

@ copula density c(u1,..., u,)
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Copula

A copula is a multivariate distribution on [0, 1]” with uniformly
distributed marginals.

@ copula cdf C(uy,...,up)
@ copula density c(u1,..., u,)

Using Sklar's Theorem (1959) we have for absolutely continuous
distributions with continuous marginal cdf's

f(Xl, “e ,Xn) = C12...n(F1(X1), “en Fn(Xn)) . fl(Xl) s fn(Xn) (2)

for some n-variate copula density c¢i2...,(-).
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Copula decompositions (1)

o n=2
joint density
f(Xl, X2)
conditional densities
fijo(x1|x2)

fon(x2x1)

c2(Fi(xa), F2(x)) - filx) - H(x2)

ci2(Fi(x1), F2(x2)) - fi(x1)
ci2(Fi(x1), F2(x2)) - f2(x2)
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Copula decompositions (2)

en=3
@ first decomposition:

fioj3(x1, X2|X3)
fijz3(xalx2;, x3) i

f13(x2[x3)
= cp(Fus(xalxs), Fas(x2|xs)) - fiz(x1|xs)
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Copula decompositions (2)

en=3
@ first decomposition:

fioj3(x1, X2|X3)
fijz3(xalx2;, x3) i

f13(x2[x3)
= cp(Fsxlxs), Fpelxs)) - fiplalxs)
= cap(Fs(ala), Fplxlxs))
xc3(Fi(xa), F3(x3)) - fi(x)
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Copula decompositions (2)

en=3
@ first decomposition:

fio)3(x1, Xx2|x3)
fis(xalx, x3) = SR

f13(x2[x3)

= cp(Fsxlxs), Fpelxs)) - fiplalxs)
= cap(Fs(ala), Fplxlxs))
xc3(Fi(xa), F3(x3)) - fi(x)

o Second decomposition:

flxilxe,x3) = czp(Fp(xalx), Fp(xslx2)) - f(xlx2)
= cp(Fpialx), Fp06lx))
xcra(Fi(x1), F2(x2)) - fu(x1)
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Copula decompositions (3)

@ general n

o Forv=(vi,....,vg)andany j=1,...,d
Fixlv) = Gy (F(xIv—)), F(vjlv—j)) - F(x|v—j)
v = (Vi,.. Vo1, Vigl, - .o, Vq)
Cylv_;(*) = bivariate copula density
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Copula decompositions (3)

@ general n
o Forv=(vi,....,vg)andany j=1,...,d
Fixlv) = Gy (F(xIv—)), F(vjlv—j)) - F(x|v—j)
V—j = (V17"'7Vj*17vj+17"':vd)
Cylv_;(*) = bivariate copula density

o Combining this decomposition of the conditional distribution
with the factorization (1), we derive at a decomposition of
f(xi,...,X,) that only consist of pair-copulae.

@ We call this a pair-copula construction.
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Conditional cdf’s

@ Univariate v: Since f(x|v) = ¢ (Fx(x), Fy (v))f(x) we have

Flxlv) = /X co(Fu(u), Fu(v)) () du

— o0
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Conditional cdf’s

@ Univariate v: Since f(x|v) = ¢ (Fx(x), Fy (v))f(x) we have

Fixv) = / S (Fe(t), Fu (V) () dls

B /_Xooa?cxv( (), Fu(v
= T 9F(0)dF.(

)t
g)) - (u)du
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Conditional cdf’s

@ Univariate v: Since f(x|v) = ¢ (Fx(x), Fy (v))f(x) we have

Fixv) = / S (Fe(t), Fu (V) () dls

) / 0 CuFelu), Fulv
oo OF(w)OF,(v)

B 0 X OCw(Fx(u), Fy(v)) dFx(u)

= R, (v) /_OO OF,(u) a2

) ¢ £ (u)du




Pair-copula Constructions of Multiple Dependence
Pair-copula constructions (PCC)

Conditional cdf’s

@ Univariate v: Since f(x|v) = ¢ (Fx(x), Fy (v))f(x) we have

Fixv) = / S (Fe(t), Fu (V) () dls

) / G (Fulu), Fulv
oo OF(w)OF,(v)

B 0 X OCw(Fx(u), Fy(v)) dFx(u)

= R )/OO OF,(u) qu

) ¢ £ (u)du

9 Co (Fx(x), Fv(v))
OF,(v)
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Conditional cdf’s (2)

@ In the case of uniform marginal cdf's, i.e. Fyx(x) = x and
F.(v) = v we have for parametrized C,,(x,v,©)

0 Cuv(x,v,0)
ov

h(x,v,0) = F(x|v) =

These h functions will become essential for simulation and
inference.
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Conditional cdf’s (2)

@ In the case of uniform marginal cdf's, i.e. Fyx(x) = x and
F.(v) = v we have for parametrized C,,(x,v,©)

0 Cuv(x,v,0)

h(x,v,0) = F(x|v) = 5y

These h functions will become essential for simulation and
inference.

@ Under regularity conditions Joe (1996) showed that

0 CX,VJ-|V,J-(F(X|V—J')7 F(VJ‘V—J))

Fe = OF(ylv-))
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Examples of PCC'’s

en=3
f(X17X2)X3) =

f3(X3)f(X2|X3)f(X1‘X2. X3)
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Examples of PCC'’s

e n=3
f(x1,x2,x3) =
3(x3)f(x2|x3)f (x1]x2. x3)
= f3(x3)[c3(F2(x2), F3(x3))f2(x2)]
X[c1a3(Fija(x1lx3), Fo3(x2[x3))f (x1]x3)]
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Examples of PCC'’s

en=3
f(x1,x2,x3) =
f(x3)f (xa|x3)f (1 x0, x3)
f3(x3)[c23(Fa(x2), F3(x3))f2(x2)]
X[cio3(Frja(xa|x3), Fas(xalx3))f (x1[x3)]
= f(x3)[cs(Fa(x2), F3(x3))f2(x2)]
[C12\3(F1\3(X1\X’) Fa3(x2|x3))]
X[c13(F1(x1), F3(x3))fi(x1)]
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Examples of PCC'’s

f(x1,x2,x3) =
f(x3)f (xa|x3)f (1 x0, x3)
f3(x3)[c23(Fa(x2), F3(x3))f2(x2)]
X[c1a3(Fija(x1lx3), Fo3(x2[x3))f (x1]x3)]
= f(x3)[cs(Fa(x2), F3(x3))f2(x2)]
X[cra3(F1ja(x1|x3), Fa3(x2[x3))]
[crs(F1(xa), F3(x3))fi(x1)]
= f(x1)h(x)h(x3) X c3(Fa(x2), F3(x3))
xc13(F1(x1), F3(x3)) cio3(Fuz(x1]x3), Faja(x2|x3))

X
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Examples of PCC'’s

en=3
f(x1,x2,x3) =
3(x3)f(x2|x3)f (x1]x2. x3)
= f(x3)[cs(Fa(x2), F3(x3))f2(x2)]
X[cio3(Frja(xa|x3), Fas(xalx3))f (x1[x3)]

= f(x3)[cs(Fa(x2), F3(x3))f2(x2)]
[C12\3(F1\3(X1\X’) Fa3(x2[x3))]
[crs(F1(xa), F3(x3))fi(x1)]
= f(x1)fh(x)fi(x3) X c3(F2(x2), F3(x3))

(F1(x1), F3(x3))crza(Fiz(xalxs), F23(x2lxs))

X X

X C13

If X1 ind. X5 given X3 = C12‘3(F1‘3(X1|X3), F2‘3(X2‘X3)) =1
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oen=>5

f(x1,x2, X3, X4, X5) =
fi(x1) - (x2) - f3(x3) - fa(xa) - f5(xs)
2 (Fi(x1), F2(x2)) - c13 (Fi(x1), F3(x3)) - cua (F1(x1), Fa(xa))
as (F1(x1), Fs(xs)) - caapy (F21(2lx1), Fapn(x3lx1))
a1 (P21 (x2lx1), Fajr(xalx1)) - cosj1 (Fopr(xalxa), Fsji(xs|x1))
caajiz (Faj12(x3lx1, %), Fajiz (alxa, x2))
cssi12 (Faji2(x3|x1, x2), Foj12(xs]x1, X2))

casj123 (Fajrzs(alxa, x2, x3), Fsj123(xs|x1, x2, x3)) 5

There are 240 different such constructions for n =5
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Vines

@ Hence, for high-dimensional distributions there are many
possible pair-copula constructions.

@ Bedford and Cooke (2001) introduced a graphical model
called regular vine to help organize them.

@ The class of regular vines is large and embraces a large
number of possible PCC's.
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Vines

@ Hence, for high-dimensional distributions there are many
possible pair-copula constructions.

@ Bedford and Cooke (2001) introduced a graphical model
called regular vine to help organize them.

@ The class of regular vines is large and embraces a large
number of possible PCC's.

@ We concentrate on two special cases
(Kurowicka and Cooke 2004):
@ D-vine
@ Canonical Vine
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@ An n-dimensional vine is represented by n-1 trees.
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@ An n-dimensional vine is represented by n-1 trees.
@ Tree j has n+1—j nodes and n — j edges.

@ Each edge corresponds to a pair-copula density.
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@ An n-dimensional vine is represented by n-1 trees.
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@ Each edge corresponds to a pair-copula density.

@ Edges in tree j become nodes in tree j + 1.
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Vines(2)

An n-dimensional vine is represented by n-1 trees.
Tree j has n+ 1 — j nodes and n — j edges.
Each edge corresponds to a pair-copula density.
Edges in tree j become nodes in tree j + 1.

Two nodes in tree j + 1 are joined by an edge if the
corresponding edges in tree j share a node.
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Vines(2)

An n-dimensional vine is represented by n-1 trees.
Tree j has n+ 1 — j nodes and n — j edges.
Each edge corresponds to a pair-copula density.
Edges in tree j become nodes in tree j + 1.

Two nodes in tree j + 1 are joined by an edge if the
corresponding edges in tree j share a node.
The complete decomposition is defined by the "(";1) edges

(i.e. pair copula densities) and the marginal densities.
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Canonical and D-vines

@ Canonical vine:
A regular vine for which each tree has a unique node that is
connected to n — j edges.
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@ Canonical vine:
A regular vine for which each tree has a unique node that is
connected to n — j edges.

@ D-vine:
A regular vine for which no node in any tree is connected to
more than two edges
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Canonical and D-vines

@ Canonical vine:

A regular vine for which each tree has a unique node that is
connected to n — j edges.

@ D-vine:
A regular vine for which no node in any tree is connected to
more than two edges

@ Abbreviations:

Giv = Cin(Fip(xilxv), Fiu(xilxv))
fi = fi(x)
fu = flx)
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Five dimensional canonical vine

fiozas = fi-fo-f3-fa-fs-C12- €13 C14- C15- Co3)1 - Co4/1 " Co5|1 " C34[12 C35]12 " Ca5|123

12 13

15 T,
! U@ @
2311

@/@ 2511 15 T
= 2

2311 2511 Ts

35112

T,

451123
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Five dimensional D-vine

fiozas = fi-fa-f3-fa-f5-C12- €23+ €34 Ca5 - €132 C24(3 " C35(4 " 14|23 C25(34 * C15|234

(D 2 3 4 (5) T

12 23 34 45

T
12 23 34 45 2
sz 2 2413 pad 35|4©

132 )4y (2413) e (354 T,
.

151234
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General density expressions

@ Canonical vine density

n n—1n—j
LA L.
k=1 J 1/=1
@ D-vine density
n n—1n—j
H Ciidjli+1,....i+j—1
k=1 j=1i=1

where index j identifies the trees, while / runs over the edges
in each tree.
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Simulation of Pair-copula constructions
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For simplicity we assume that the marginal distributions are
uniform, i.e. fi(xx) =1 and Fr(xx) = xx for k =1,...,n.
Both canonical and D-vines are simulated as follows:
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For simplicity we assume that the marginal distributions are
uniform, i.e. fi(xx) =1 and Fr(xx) = xx for k =1,...,n.
Both canonical and D-vines are simulated as follows:

°

)
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The simulation procedure for the canonical and D-vine differs in
how F(xj|x1,x2,...,xj_1) is computed.

@ For the canonical vine F(xj|xi,X2,...,xj_1) is computed as

0 Cj,j—l\l,...j—2(F(Xj|le o Xim2), F(xg—1lxa, - xi-2))
OF (Xj-1lx1, ..., Xxj—2) '
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Simulation of PCC'’s

The simulation procedure for the canonical and D-vine differs in
how F(xj|x1,x2,...,xj_1) is computed.

@ For the canonical vine F(xj|xi,X2,...,xj_1) is computed as

0 Cj,j—l\l,...j—2(F(XJ.|X17 cee 7XJ'—2)7 F(XJ'—1|X17 s 7XJ.—2))
OF (xj—1lx1, .-, xj—2) '

@ For the D-vine F(xj|x1,x2,...,xj—1) is computed as

0 Cjap,. j-1(F(xjlx2, -y xi-1), F(xalx2, ...y xj-1))
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Simulation for n =3

For n = 3 we have canonical = D-vine
@ Sample w;,i =1,...,3i.id U[0,1]

@ Set x; = wq
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Simulation for n =3

For n = 3 we have canonical = D-vine
@ Sample w;,i =1,...,3i.id U[0,1]
@ Set x; = wq

@ Set Xp = h_l(WQ,Xl, @12), since F2‘1(X2‘X1) = h(Xz,Xl,elz)
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Simulation for n =3

For n = 3 we have canonical = D-vine
@ Sample w;,i =1,...,3i.id U[0,1]
@ Set x; = wq
@ Set xo = h™(wa, x1,O12), since Faj1(x2|x1) = h(x2, x1,©12)
@ x3=h 1 (h(ws, h(x2, x1,©12), ©23)1), x1, ©13) since

F(xs|xi,x2) = h(F31(a|x1), Fap(x2x1), ©23)1)
= h(h(x3, x1,©13), h(x2, x1,©12)), O23)1)

Simulation algorithms for general n can be found in
Aas, Czado, Frigessi, and Bakken (2007).
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Inference for a pair-copula constructions should in principle
consider

© The specific pair-copula construction
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Model selection

Inference for a pair-copula constructions should in principle
consider
© The specific pair-copula construction

© The choice of the pair-copula type such as

@ Gaussian (no tail dependence)

@ Student's t (upper and lower tail dependence)
@ Clayton (lower tail dependence)

o Gumbel (upper tail dependence)
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Model selection

Inference for a pair-copula constructions should in principle
consider

© The specific pair-copula construction

© The choice of the pair-copula type such as

@ Gaussian (no tail dependence)

@ Student's t (upper and lower tail dependence)
@ Clayton (lower tail dependence)

o Gumbel (upper tail dependence)

© The estimation of the parameters of the chosen pair-copulae
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Number of PCC’s and some smart choices

@ There are "7' different canonical vines and "7' different D-vines
@ For n > 3 canonical and D-vines are always different

@ There are many regular vine decompositions that are neither
canonical nor D-vines
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Number of PCC’s and some smart choices

@ There are "7' different canonical vines and %' different D-vines
@ For n > 3 canonical and D-vines are always different

@ There are many regular vine decompositions that are neither
canonical nor D-vines

@ For n < 4 one can estimate parameters for all decompositions
if only one type of pair-copulae is used.

@ For higher dimensions, one can first estimate most important
bivariate relationships and use them to determine which
decomposition to use.

@ In D-vines one can select more freely which pairs to model
than in the canonical vine.
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Inference

@ We assume that data x; = (xy¢, -+ , %) for t =1,--- | T has
uniform margins.
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Inference

@ We assume that data x; = (xy¢, -+ , %) for t =1,--- | T has
uniform margins.

@ For general n and a specific vine decomposition the log
likelihood L(©]x) can be computed using the density
expressions for canonical and D-vines. Here x denotes the
complete data and © the vector of all pairwise copula
parameters.
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Model selection and Inference for PCC's

Inference

@ We assume that data x; = (xy¢, -+ , %) for t =1,--- | T has
uniform margins.

@ For general n and a specific vine decomposition the log
likelihood L(©]x) can be computed using the density
expressions for canonical and D-vines. Here x denotes the
complete data and © the vector of all pairwise copula
parameters.

@ Algorithmic expressions are given in (Aas et al. 2007).
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Inference for n =3

.
L(O]x) = ) [logcis(xat, x3|®13) + log cas(xar, X3t|©23)

=1
+  log cip3(var, Vot |©123))]

where
Vi = F(X]_t|X3t) = h(X1t7X3t7 e13)

Vo = F(X2t|X3t):h(X2t7X3tve23)
© = (©13,023,01y3)
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Starting values

o Estimate ©13 from data (xq ¢, X3¢t =1,---,T)
o Estimate ©3 from data (x2¢,x3¢,t =1,---, T)
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Starting values

o Estimate ©13 from data (xq ¢, X3¢t =1,---,T)
o Estimate ©3 from data (x2¢,x3¢,t =1,---, T)

@ Use these estimates to define

V10 = h(xue, xat, ©13)
Ut = h(xot, X3¢, ©23)



Pair-copula Constructions of Multiple Dependence
Model selection and Inference for PCC's

Starting values

o Estimate ©13 from data (xq ¢, X3¢t =1,---,T)
o Estimate ©3 from data (x2¢,x3¢,t =1,---, T)
@ Use these estimates to define

Vi = h(xit, X3¢, ©13)

Uy = h(xot, X3¢, ©23)

o Estimate O3 from data (Vy¢, Vo, t =1,---,T)
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Model selection and Inference for PCC's

Starting values

o Estimate ©13 from data (xq ¢, X3¢t =1,---,T)
o Estimate ©o3 from data (xp¢, X3¢, t =1,---,T)

@ Use these estimates to define

Ve = h(xit, X3¢, O13)
Ve = h(xat,x3t,©23)
o Estimate O3 from data (Vy¢, Vo, t =1,---,T)

@ For Gauss and t-copula an estimate of Kendall's tau is used to
estimate the correlation parameter, since this is independent
of margins.

@ Kendall's tau can also be used for the Clayton copula
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Necessary Expressions

@ For each pair-copula in the decomposition, three expressions
are necessary:

@ bivariate density
o h-function h(x, v,®) = F(x|v) = w
@ inverse of h function wrt to x
@ For Clayton this is available in closed form.
@ For the Gumbel, Gaussian, Student's the inverse of the
h-function must be obtained numerically.
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Application: Financial Returns

@ Tail dependence properties are important in finance.

@ n-dimensional Student’s t-copula has been often used for
modeling financial returns, however it only has a single
parameter for tail dependence.

@ Pair-copula constructions allows for multiple parameters for
modeling tail dependence.
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Data set

@ Daily data from Jan. 4, 1999 until July 8, 2003 for
T = Norwegian stock index (TOTX)
M = MSCI world stock index
B = Norwegian bond index (BRIX)
S = SSBWG hedged bond index

@ Standardized residuals of a AR(1)-GARCH(1,1) model for the
log return Xx; ¢

Xt = G + o Xit—1 + OitZit,
Elze] = 0and Varlze] =1
2 2 2
Oie = aiotai€i, 1+ bioj, g whereei 1 =002+

are found to be independent and are transformed to uniform
margins
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Data set

o Fitted degree of freedom for a t-copula to each pair

Between ‘ M ‘ T ‘ B
S 421 | 34.16 | 14.47
M 8.03 | 15.48

T 12.60




Pair-copula Constructions of Multiple Dependence
Application: Financial Returns

Which PCC?

Strongest dependence between S and M, M and T and T and B,
which will be used in the top tree of a D-vine



Pair-copula Constructions of Multiple Dependence
Application: Financial Returns

Which PCC?

Strongest dependence between S and M, M and T and T and B,
which will be used in the top tree of a D-vine

STIM MBIT
‘ SBIMT ‘
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Parameter estimates

Param Start Final
psm 025 | -0.25
pMT 047 | 047
PTB 017 | -0.17
PSTIM 0.11 | -0.11
pSB|I\/IT 0.29 0.28
Vsm 421 | 434
vmMT 16.65 16.26
VTB 12.60 | 13.17
VsTM 300.00

VmB|T 130.33 | 45.59
VSB|MT 15.58 15.04
log.likelih. | 267.86 | 268.17
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Parameter estimates

Param Start Final
psm 025 | -0.25
pMT 047 | 047
PTB 017 | -0.17
PSTIM 0.11 | -0.11
pSB|I\/IT 0.29 0.28
Vsm 421 | 434
vmMT 16.65 16.26
VTB 12.60 | 13.17
VsTM 300.00

Um|T 130.33 | 45.59
VSB|MT 15.58 15.04
log.likelih. | 267.86 | 268.17

BRIX and MSCI are
nearly independent given
TOTX

SSBWG and BRIX are

not independent given
TOTX and MSCI

cond. distribution of
MSCI and BRIX given
TOTX is close to normal
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Comparison with multivariate Student’s t-copula

e AIC
4 dim. Student’s t-copula -512.33

4 dim. Student’s t pair copula decomposition -487.42

1Can be used approximately since the 4 dim. Student’s t-copula is nested
within the 4 dim. Student’s pair copula decomposition for large df's
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Comparison with multivariate Student’s t-copula

e AIC
4 dim. Student’s t-copula -512.33

4 dim. Student’s t pair copula decomposition -487.42

@ Likelihood ratio test statistic 1

s 2 * Likelihood difference is 34.92 with 5 df
o P-value is 1.56107% = 4 dim. Student’s t-copula is rejected in
favor of the PCC.

1Can be used approximately since the 4 dim. Student’s t-copula is nested
within the 4 dim. Student’s pair copula decomposition for large df's
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Tail dependence

@ Upper and lower tail dependence coefficient for bivariate
t-copula

1—

o Estimated tail dependence coefficients
Margin | PCC | Student’s t-copula

SM 0.0279 0.0001
MT 0.0229 0.0317
B 0.0005 0.0003

The probability of a joint large portfolio loss in SSBWG and
BRIX stocks is much larger in the 4 dim. Student’'s t PCC
compared to a 4 dim. Student's t-copula.
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Bayesian model selection among PCC'’s

joint work with Dr. A. Min

o If a single pair copula type is used in a PCC of dimension n,
then all other possible PCC's of dimension n provide a
factorization of the same joint density

@ So we want to find reduced PCC's which best fits the data,
i.e. let the data discover conditional independence conditions.

o n=3:
Full PCC's: C12623C13)2 = C13C23C12)3 = C12C13C03)1
Reduced by 12623, C12€C13)2
1 pair-copula:  c13¢23, 23€12)3, C13C12, C13C03)1
Reduced by C12,C13, C23

2 pair copulas:  ¢y3)2, €1235 €311
@ Identifiability: Note that ci2co3)1 = c3cip3 since
C12623)1 = C12€13C231 = C13C23C123 = C23C12j3 When 13 = 1.
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Bayesian framework of PCC’s with n <3

@ Each of the 13 different PCC’s with n < 3 is identified by a
model index m = (ml, may, m3) = (iljl, i2,j2, I'3j3’k3).
Example: c1acp3); corresponds to m = (12,00, 23/1).

@ Each PCC model m has parameter vector
Om = (Omys Omys Oy
Example: Model m = (12,23,00|0) has parameter vector
0 = (012,023,000/0) = (012, 023).
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Bayesian framework of PCC’s with n <3

@ Each of the 13 different PCC’s with n < 3 is identified by a
model index m = (ml, may, m3) = (iljl, i2,j2, I'3j3’k3).
Example: c1acp3); corresponds to m = (12,00, 23/1).

@ Each PCC model m has parameter vector
0m=00m,0m,,0m,).

Example: Model m = (12,23,00|0) has parameter vector
0m = (012,023, 000)0) = (012, 023).

@ Goal is to estimate the best fitting model m and the
corresponding parameter vector 6, using a Bayesian
approach, i.e. the model m and 6,, are considered random
quantities.

@ Inference about m and 6,, is done via the joint posterior
distribution of (m, 6p,).



Pair-copula Constructions of Multiple Dependence
Bayesian model selection among PCC's

MCMC algorithm for PCC’s with n <3

@ Problems:
o Want to facilitate estimation without having to fit all models



Pair-copula Constructions of Multiple Dependence
Bayesian model selection among PCC's

MCMC algorithm for PCC’s with n <3

@ Problems:

o Want to facilitate estimation without having to fit all models
¢ Joint posterior is not analytically tractable



Pair-copula Constructions of Multiple Dependence
Bayesian model selection among PCC's

MCMC algorithm for PCC’s with n <3

@ Problems:

o Want to facilitate estimation without having to fit all models
¢ Joint posterior is not analytically tractable

@ Approach: Construct a Markov Chain Monte Carlo (MCMC)
algorithm which simultaneously estimates m and 6,.



Pair-copula Constructions of Multiple Dependence
Bayesian model selection among PCC's

MCMC algorithm for PCC’s with n <3

@ Problems:
o Want to facilitate estimation without having to fit all models
¢ Joint posterior is not analytically tractable
@ Approach: Construct a Markov Chain Monte Carlo (MCMC)
algorithm which simultaneously estimates m and 6,.

@ Requirement: Need to accommodate varying model
dimension, i.e. construct MCMC iterates
Omr = (07, 01y, 01 ) where m” is the current model at
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MCMC algorithm for PCC’s with n <3

@ Problems:
o Want to facilitate estimation without having to fit all models
¢ Joint posterior is not analytically tractable
@ Approach: Construct a Markov Chain Monte Carlo (MCMC)
algorithm which simultaneously estimates m and 6,.

@ Requirement: Need to accommodate varying model
dimension, i.e. construct MCMC iterates
Omr = (07, 01y, 01 ) where m” is the current model at
Iteration r.

@ Solution: Reversible jump (RJ) MCMC proposed by
(Green 1995)
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General RJ MCMC (1)

@ algorithm stays in current model using a Metropolis Hastings
(MH) step
@ algorithm moves to a larger model using a MH step (birth)

@ algorithm moves to a smaller model using a MH step (death)
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General RJ MCMC (2)

Model Ml M2
Parameter () ¢ R 0 c R®
d1 < d>
Proposal 77(1) ~ 1(-) 77(2) ~ ¢a(+)
n) € R® n? € R®
Dimension matching di+ a1 = dr + ap

N o) ) ( 62 )
Bijection ( —
n® n®
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Acceptance probability for MH step from M; to

(@M, 0?)) = min{1, A}, where

@ @
p(2,69y) py p2(n®) 6(9 " )
p(LODly) Pz 21(n®) o (o0, p)

p(k,G(k)|y) — joint posterior density of My and ()

Pi_.; = prior switching probability from M; to M;
©i(nk)) = proposal distribution of (%) (suitably chosen)
8(9(2),17(2)>

8(0(1),1’](1)> Jacobian o jjection




Pair-copula Constructions of Multiple Dependence
Bayesian model selection among PCC's

Acceptance probability for MH step from M; to

(@M, 0?)) = min{1, A}, where

@ @
p(2,69y) py p2(n®) 6(9 " )
p(LODly) Pz 21(n®) o (o0, p)

p(k,G(k)|y) — joint posterior density of My and ()

Pi_; = prior switching probability from M; to M;
©i(nk)) = proposal distribution of (%) (suitably chosen)
8(9(2),17(2)>

— | = Jacobian of bijection

2(60".nW)

For moves from M, to M; we use A~L.
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RJ MCMC moves for selecting PCC’s (n=3)

Notation Meaning Example

BODO stay move Ci2 — C12

B1DO birth of 1 factor C12 — C1203

D1BO death of 1 factor  cipc3 — ¢12

B2D1 birth of 2 factors  c¢i13¢603 — C12C23C13)
death of 1 factor

D2B1 death of 2 factors C12€23C13)2 — C13C23
birth of 1 factor

B3D2 birth of 3 factors  c13¢31 — C12C3¢13)
death of 2 factors

D3B2 death of 3 factors C12€23C13)2 — C13C23)1

birth of 2 factors
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Bayesian model selection among PCC's

Graph of all PCC’s with n <3

Solid lines: BODO, B1D0 and D1B0 moves
Dotted lines: B2D1, D2B1, B3D2 and D3B2 moves
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Priors and proposal distributions

@ Each model is equally likely a priori
@ We assume equal prior switching probabilities for staying,
moving to a smaller and moving to a larger model

@ Independent normal distributions are assumed for each 7
component centered at corresponding previous parameter
component with specified variance
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Likelihood for PCC’s with n < 3

Assume bivariate t-copula for each pair copula term, i.e.

0 = (p,v) p=correlation ,v = df
_ v+l
(o, mlo) = —CFTE) ( @+ xf )
vty (x1)t,(x2)y/1 — p? v(1—p?)
where
xi o=t ()
xo =t (u2)
t,(-) = pdf of univariate t, distribution

t71() = quantile function of t, distribution
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Acceptance probability for B2D1 move

Actual state 0° := 0o m° = (mg, m‘2’, m$)
= ofnp = (my, m§, mf)

birth indices {m, m’} == mP\m°

death index mg = m°(\m”

stay index mg, := m°\m”
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Acceptance probability for B2D1 move

Actual state 0° := 0o m° = (mg, m‘2’, m$)
= ofnp = (my, m§, mf)

birth indices {m, m’} == mP\m°

death index mg = m°(\m”

stay index mg, := m°\m”

Example: (675,03;) — (07,,655,07,,) Bijection:

m? nm” ,,lo )
p
0, "%y
o — m; — m; - 770 .
: P o : m;
nmfv eme mg 9°
P o

Mime mg,
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Acceptance probability for B2D1 move

Actual state 0° 1= Omeo
= olr)np
birth indices {mg, mf
death index mg =
stay index mg, =

m°® = (mg, m3, m3)
= (m{, mj, mf)
mP\m°

m°(\m”

m°\m”

Example: (67;,609;) — (917,023,9’1)3‘2) Bijection:

R
77513 ' 0"

Here 17° , and 179, are bivariate normal centered at @, »
m m
s t

JoNo)

r)/n': ,,]O -

y )O ) ms
m’[ = y 70 -
o my
mo o
0’ 0
mg,

ms ,last? and

0,,¢ 1. with specified covariance matrix, while we set nhe =69
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reduced model cipc3
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First results for selecting between c;>c3¢13, and

C12C23

5000 data points generated from ci2co3¢32 with every pair copula
term a bivariate t-copula

RJ MCMC visited 4749 the full model ciocp3cy32 and 251 the
reduced model cipc3

Full model Reduced model
Parameter mean median 5% 95% mean median 5% 95%
P = .2 0.19 0.19 0.17 0.21 0.19 0.19 0.16 0.22
vip =5 5.07 4.97 4.39 6.17 5.23 5.19 4.47 6.04
pr3 = 0.6 0.60 0.60 0.58 0.61 0.60 0.60 0.59 0.62
vy =71 7.58 7.44 6.38 9.40 8.01 7.85 6.51 10.06
Pi3p =02 019 019 013 023

vizp =40 1335 1320 11.88 15.62
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@ Canonical and D-Vines can be simulated fast and the
likelihood can be calculated fast as well.

@ Computer intensive methods such as RJ MCMC algorithms
are needed to estimate model type (full or reduced) and
corresponding parameters.

@ Incorporate choice of different copula types

o Efficient model selection criteria are needed to compare nested
and non-nested models.

@ Time series structures for margins can be incorporated by first
fitting marginal time series models and then considering
standardized residuals. Joint estimation 7
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