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AsstrACT. While a modelling assumption of stochastic volatility has enjoyed success in recent
years, analytic solutions to such specifications can be difficult to obtain. Here we focus on a polyno-
mial which can approximate option prices for volatility specifications which are generalised func-
tions of a mean-reverting process. The approximation is highly accurate under reasonable param-
eterisation in a European option construct. We then extend the model of Stein and Stein (1991)
by altering the diffusion coefficient of the volatility process. That is, we continue to assume an
identity process for volatility while removing the assumption that the volatility process is Ornstein-
Uhlenbeck by means of its diffusion coefficient. In particular, we examine the use of a power func-
tion and find that the power parameter is extremely useful in capturing volatility smile dynamics
more realisticallyl. We then show similar effects by assuming an exponential function of volatility
in order to provide positivity almost surely.
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Recent decades have given rise to a number of sometimes complex and sophisticated method-

ologies that attempt to resolve empirical issues related to volatility modelling, with a view,

IThe Author would like to thank Marti Subrahmanyam for suggesting the line of research taken up in this paper.
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particular, to pricing options. Models which assume volatility is stochastic have enjoyed partic-
ular success in attempting to explain observed volatility smiles with the Heston (1993) model in
particular receiving much attention in empirical studies.

One of the major reasons that stochastic volatility models have become popular is their ability
to model stylised features of volatility more succinctly in their bid to better explain volatility
smiles. The models of Scott (1987), Stein and Stein (1991), and Heston (1993) in particular have
been useful in their ability to model volatility characteristics such as shocks and persistence by
assuming a mean reverting process for volatility or a function of volatility. The Heston (1993)
model also assumed correlation between the Brownian motions which drive the stock and volatil-
ity processes in order to capture another important feature; skewness in the distribution of the asset
returns process. That is, zero correlation can only lead to increased kurtosis in the distribution of
asset returns and, while this is important in explaining volatility smiles better, empirical evidence
supports a skewed distribution for returns, something which cannot be captured properly without
correlation.

Given the successes enjoyed by authors including Hull and White (1987), Scott (1987), Stein and
Stein (1991), and Heston (1993) in modelling volatility stochastically, therefore, we turn to this
framework and look to extend it to more general functional forms of volatility under the considera-
tion that there is trade-off between realism and tractability which is generally realised. Specifically,
the functional specifications of volatility in models such as those in Stein and Stein (1991) and He-
ston (1993) have been predominantly made in order to provide analytic convenience, the cost of
which can be realistic option prices. Specifically, we assume the stock price process

dS[

t

= rd[+0’tth

where we use the volatility specification o, = f(Y;). For the intrinsic volatility process, Y;, we
assume the form

dY, = k(6 - Y,)dt +BYdB,

subject to the parameters «, 8,8 > 0 as well as constant correlation coefficient d(B, W), = pdt. We
are interested in choices for the diffusion power parameter y where the case of y = 0 means that
Y, is an Ornstein-Uhlenbeck (OU) process, while y = 1/2 means that ¥, is a Cox Ingersoll Ross
(1985) process.

Before elaborating further on the modelling framework and its usefulness, we make the com-
ment that specific examples of the functional form which are popular include f(Y;) = exp(Y;) with
v = p = 0, which is the Scott (1987) model, while f(Y;) = |Y;| with y = p = 0 is the Stein and
Stein (1991) model. Similarly, f(¥;) = VY; with y = 1/2, p # 0 is the Heston (1993) model.
These functional forms, and, in particular, that of Scott (1987) and Stein and Stein (1991) will be
investigated in detail, while extensions to more general functional forms will also be outlined. In
particular, we are also interested in including correlation for the Scott (1987) and Stein and Stein
(1991) models, while revising the functional form to f(Y;) = Y; for the Stein and Stein (1991)
model.

Extension to multi-dimensional settings also becomes possible, though this is left to future re-
search. While it is true that a multi-dimensional setting for volatility along with careful consider-
ation of the functional form of volatility may be more reliable and accurate for capturing stylised
volatility we will focus here predominantly on the possibility of creating greater kurtosis in asset
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returns by means of the diffusion coefficient of the volatility process. While it is true that consider-
ation of different functional forms for volatility can address this issue somewhat (this follows from
the implications of an application of Ito’s formula), we consider that a power parameter can offer
great explanatory power and, as such, restrict our attention to two functional forms for volatility
in order to see this. The first choice of functional form is the identity process, the second is an
exponential process, thus ensuring positivity almost surely.

In particular, we find that the choice of the power parameter, v, along with the functional specifi-
cation and the sign and size of correlation are all important in determining the shapes of implied
volatilities. We achieve this by looking first at the option prices produced, the resultant stock price
densities, a summary of distributional moments, and, finally, implied volatilities. The study of the
centered moments for the distribution of returns is in the spirit of Das and Sundaram (1999) who,
using a variation of the Heston (1993) model, find that it is not always possible to generate enough
kurtosis at moderate or long run maturities. Importantly, it will be shown here that the choice for
v can impact upon kurtosis considerably, however, too much explanatory power in y can lead to
large increases in returns variances, thus nullifying a great deal of such kurtosis.

The rest of this paper is as follows: Section 2 provides a theoretical background to the mod-
elling framework presented in Section 3. Section 4 then examines the option prices and densities
recovered under different y assuming the identity process, Y;. Section 5 does the same for the
exponential process, exp(Y;). In Section 6 we examine the first four centered distributional mo-
ments for each model under different parameters, in the spirit of Das and Sundaram (1999) before
examining typical implied volatilities in Section 7.

2. THEORETICAL BACKGROUND

Specifically, we will first consider the functional form of volatility to be that in Stein and Stein
(1991); the identity process. As has already been noted, this functional form used in conjunction
with an Ornstein-Uhlenbeck process for volatility is posed mostly for its ability to provide analytic
tractability, though this tractability will degenerate under a changing power diffusion term. So too,
has tractability been considered in the assumption of zero correlation made in Stein and Stein
(1991), a further restriction that we shall remove. In other words, while the functional form of
volatility may be questionable to some degree, the Stein and Stein (1991) model will provide us
with a benchmark. The prescribed setting leads us to the specific and revised modelling framework
provided by

d
% = rdt + Y,dW, @2.1)

t

for the asset price process, couple with the variance process
dY, = k(0 - Y)dt +BY(pdW, + |1 — p2dW,) 2.2)
where the Brownian motions, W, and W,, are independent.

Once again, this leads us to the consideration of a suitable evaluation methodology given the
degeneracy of a Stein and Stein (1991)-type solution due to the diffusion parameter, y, which, we
recall, in their case is set equal to zero. When pricing options within the framework provided by
(2.1) and (2.2), one of the most popular approaches is the consideration of the partial differential
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equation operator (see, for example, Fouque et al 2000) provided by
0 o 1 ,,0 o 1,5, 0 0*
= —+rx—+ = — + k(@ —y)— + =By — + e 2.3

L= gtrget 3V ga TR O v Y g v g 23
We recall that, in order to price options, we wish to solve a general partial differential equation
(pde) of the form

Lu(t,x,y) = 0 2.4

subject to boundary conditions such as u(7T, x,y) = f(x,y), u(0,x,y) = g(x,y), and u(t, B,y) =
h(t,y). We will consider these in more detail soon, but for the meantime restrict attention to a
general method of solution to such partial differential equations.

To that end we recall that, even in the case of zero correlation, analytic solutions to partial dif-
ferential equations such as those provided by (2.4) are difficult to obtain. In the two dimensional
case, that is, where volatility is constant, so that (2.4) reduces to Lu(t, x) = 0 subjectto x = 5 =0,
the partial differential equation is further reduced by the introduction of variables which lead to a
two-dimensional heat equation (Elliott and Kopp 2005).

The extra dimension provided by the state variable governing volatility will usually mean that
an analytic solution is not attainable (except in specific cases), ultimately requiring some form of
numerical approximation. Among those considered along with the approaches of Stein and Stein
(1991) and Heston (1993) is that in Fouque et al (2000). We have commented on the method of
Stein and Stein (1991) to the extent that they consider only zero correlation and as a result are able
to recover the stock price density, though an extension to include correlation is not straightforward.
In addition, the approach becomes more complicated under more general volatility specifications
arising from the choice of f(-).

As alluded to already, for the method in Heston (1993), the probabilities of the stock price fin-
ishing in a specified region along with its expectation restricted to a specified region are found.
These probabilities can be considered as estimates of the pricing density and while the form pro-
vided must be calculated by use of a numerical procedure, it can be considered closed-form due
to its ease of implementation with modern computer software. However, the method used relies
heavily on the functional form specification, namely the square root process. The use of the power
parameter, y, will mean that we cannot generally find an analogous solution here, leading to a
consideration other methods.

The main idea of the approach of Fouque et al (2000) is to incorporate a flexible functional form by
considering an asymptotic expansion of the option price where it follows that the first term in the
expansion is the Black Scholes call option price with volatility based on f(y) as in (2.2) and (2.3)
with y = 0 (that is, OU processes). Here y is instantaneous volatility and the first-order correction
term is based on an expansion of the option price in coefficients of the inverse square-root of mean
reversion.

The validation of the asymptotic approach is the consideration of high speed mean reversion and
that this is, roughly, equivalent to long-horizon maturities. To see this, we note that

var(Y,) = /23—12;(1—52“) (2.5)

which is approximately equal to 5?/(2«) for « large where the link between this approximating
value and time is made by the exponential term.
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While the methodology is flexible in its ability to handle any suitable functional form of volatil-
ity, f(-), there are several issues. To begin with, the Ornstein-Uhlenbeck process is Gaussian and
there is only a first-order correction term. This means that the price differences found between
options priced in the stochastic volatility setting and those found by standard Black Scholes will
be symmetric in correlation about the strike price. Given that the OU process is Gaussian, there is
always some probability that it can take on negative values. This can be overcome by the choice of
functional form of volatility, thus leading to a skewed distribution, though this will not be captured
by the first-order correction term.

In addition, it must be assumed that the speed of mean reversion is numerically high. Even if
this is the case, a high enough speed of mean reversion, when volatility of volatility is small,
should effectively lead volatility to be approximately constant. This should then result in price dif-
ferences not too far from a standard Black Scholes option price with effective volatility based on
E[f(Y,)]. Given that a high speed of mean reversion is connected to long-run behaviour, it follows
that the price differences must be compared to those on a much longer maturity, even in the case
of an option which has only two weeks (say) until expiry. Finally, as the correlation between the
two Brownian motions tends to zero the price differences disappear completely.

While the methodology will be outlined for general choices of functional form of volatility, f(Y,),
where Y; is as provided in (2.2) in order to overcome the already mentioned shortcomings. Our
specific aim is to determine the amount of contribution made to returns kurtosis by the power pa-
rameter, y, and, therefore, the amount of smile attributable to the modelling framework, all other
parameters being equal. The expansion method centres around the volatility of volatility parame-
ter, 3, up to second order, essentially meaning that any error is of order 5. For practical purposes,
it is usually found that 8 € [0, 1) and more usual situations are where (3 is near 0.1 or 0.2 so that the
method is accurate for three to four decimal places at worst. In particular, an increase in the power
parameter, v, will mean that 8 can be revised down, all else being equal, so that larger values for y
should, theoretically, lead to increased accuracy in the approximation.

Specifically, the polynomial not only includes correlation, but can also be used when correla-
tion is zero. This is achieved by assuming the zero order term, uy(7, x, y), followed by the retrieval
of a first order term, u;(7, x,y) , which is analogous to than found in Fouque et al (2000). The
distinction between the first order term found here and that of Fouque et al (2000) is that the
latter is based on expectations with respect to the density of the long run volatility process. We
continue the expansion further with a second order term, u(7, x,y), which is comprised of terms
which have zero and non-zero correlation, thus providing flexibility along with increased accuracy.

The resultant polynomial is flexible in its ability to be applied to various settings too. In particular,
it will be shown that any function u(t, x, y) which is continuous in its derivatives with respect to f,
x, and y satisfying the operator £ provided by (2.3) and, in particular, the adjusted Black Scholes
operator
~ 0 0 0 1 0*
= — +rx—+ kO -y)=— + =x* T - 2.6

Lss 5 s T y)ay AL Fratd (2.6)
satisfies the conditions of the expansion, where the term taking derivatives in y can be considered
as a time-dependent, though deterministic, volatility specification. This approach, therefore, not
only includes European options, but also densities as in Stein and Stein (1991) and Heston (1993),
thus allowing the retrieval of options based on extrema and infima such as Barrier and Lookback
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options. While such useful applications will not be pursued here, we will consider the stock price
density alone, providing us with much information about the behaviour of such densities under
different choices for the power parameter, y.

3. METHODOLOGY - PoLyNoMIAL EXPANSIONS

3.1. The Heston (1993) Model and Functional Extensions. While it is the model of Stein and
Stein (1991) which is our initial focus, we will use the Heston (1993) model to outline the method
of solution due to its relative ease of derivation. To that end, let us recall the specification of the
stock and volatility processes as proposed in Heston (1993) which are of the form

ds,;

t

= rdi + \JY,dW,

and
dY, = k(6 - Y)dt+B+/Y,dB,

such that d(B, W),/dt = p € [—1,1]. We note that the difference between this specification and
that in Stein and Stein (1991) is that the latter uses f(Y;) = Y;, while y = 0 instead of y = 1/2.
We begin by recalling an analogous pde operator to that in (2.3) and initially assume, for reasons
which will soon become clear, that 8 = 0. That is, the operator reduces to the extended Black
Scholes operator (2.6). To that end, let us initially consider a European call option, u(?, x), that
is, a contingent claim satisfying Lpsu(t,x) =0 subject to u(T, x,y) = {x — K}* for some exercise
price, K. The prescribed setting provides the following

Theoz‘em 3.1. Consider a European contingent claim, u(t, x,y), such that u(0,x,y) = {x — K}*
and Lpsu(t, x,y) = 0. In such a setting, we have

u(t,x,y) = xN(d)) — Ke""N(dp) 3.7
subject to
1

X
d = [ln —+rr
PTCR) ) I

1
+ zg(T, y) ; dr = dy — g(z,y)

where |
2@y = 0r+—(y—-0)(1 —eXT)
K

and where t =T —t

Proof. Application of the operator, £ s ,as provided in (2.6) to (3.7) brings about the result

In other words, the resultant option price is exactly that which follows when one considers volatil-
ity to be time-dependent, yet deterministic. For the cases of functional forms other than f(Y;) =
VY; we have the following

Corollary 3.2. Assume the volatility specification oy = f(Y;) where
dYy, = k(6 -Y,)dt

that is, volatility is deterministic. Then

- 1/2
g(ry) = { fo f2<Yu>du} (3.8)
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whenever the right hand side is finite witht =T — t.

Proof. Consider, without loss of generality, r = 0, so that

- 0 0
Lpsu(t,x,y) = —xN ’(dl)gg(n y) + k(0 = y)xN ’(dl)ag(n y)+ xf2N'(dy)

1
2g(t,y)

Setting the right hand side to zero is equivalent to

0 0
~28(1,7)—8(1,y) + 28(1, Y)k(0 — ) —g(7,y) + f2(y) = 0
ot ay
Or, alternatively,
0 0
——g ) +kO-Y)—g @Y+ () = 0
or ay

whence it is clear that g?(t, y) satisfies this pde.

Example 3.3. Consider the functional form of volatility, f(Y;) = Y;, as in Stein and Stein (1991).
Then

1 20
gy = v+ 70 - 0*(1 — ey + —G -0 - (3.9)

From the preceding result it is clear that we can model deterministic volatility in the option pricing
formula (3.7) subject to any reasonable functional specification f(-), whence it is clear that the
Black Scholes volatility g(t,y) defines a norm in the L? sense. In addition, the determinisitic case
shows that, under any fixed specification of f(-), any choice of the power parameter, y, gives rise
to the same time-determnistic volatility function, g(7,y). This is an artifact of the realisation that
the distinction between such processes is captured by the diffusion coefficient, something which
will only enter the pricing formula by means of considering the volatility of volatility parameter, .

Having prescribed our basic pricing structure, we move to include stochastic volatility. To achieve
this, we consider an expansion of u(?, x, y) around the volatility of volatility coefficient, 5. To this
end, assume, without loss of generality, that r = 0 as well as

00

u(t, x,y) = ) B'un(t, x,y) (3.10)
n=0
and note that, by (2.3),
1 1
Lu(t,x,y) = (Ellz +[—g£1 +£o) ut,x,y) = 0 (3.11)
where notation has be simplified with the use of the operators
1 0
Lo = 25
02
L = p y?@y
and X
~ o 1, 0
= = — 4 — — + k(0 — y)—
Lr = Lgs a2 Ve K( Y)ay

As a technical aside, we comment that the operator, Ly, corresponds to the infinitesimal generator
of the CIR process, L is the cross-term operator between the two diffusion processes, picking
up on the correlation between the two Brownian motions, and £, is the Black Scholes partial
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differential equation operator under the assumption of zero interest rates and f(y) = +/y. We see
that application of the operator (3.11) to the polynomial expansion provided by (3.10) leads to

Lu(t,x,y) = Lof uo(t,x,y) + 7 (Lour(t, x,y) + Liuo(t, x,y))

+ Zﬁ" (Lottnsa(t, X, y) + Littn1 (1, X,y) + Loun(t, x,y)) =0 (3.12)

n=0
Setting each coeflicient of 5 equal to zero and begining with the first term, we have
Loup(t, x,y) = 0

Given that this equation corresponds to the Black Scholes option pricing operator, it follows that
we must have u(z, x, y) as provided in Theorem (3.1). For the first-order term, u (¢, x,y), we have
the following

Theorem 3.4. The first order correction term satisfies

2

where the expression uses the second and third derivatives of the Black Scholes call option price
uy(t, x,y) with respect to the underlying asset. In addition, the coefficient in 7,y satisfies

1
ui(t,x,y) = pHy(1,y) (xzuxx+ —x3um) (3.13)

H(t,y) = —%(y -0) (Te_KT - %(1 - e_KT)) + g (T - %(1 - e—KT)) (3.14)

Proof. See appendix

Remark 3.5. For more general functional forms of volatility such as those provided by (3.8)
H (7, y) will satisfy, in the case of the CIR and OU processes, the partial differential equation

N P P d
LpsH(1,y) = a—tHl(r,y)H(e—y)a—yHl(r,y) = —yYf(yEgz(r,y) (3.15)

We will see the full representation of more general functional forms shortly, but for the meantime
we restrict attention to the derivation of the Heston (1993) model.

While it is true that some functional forms of volatility will be easier to implement analytically
than others, the general representation is reasonably flexible and useful. The complexity of so-
lution increases as more terms are added to the expansion, though the zero and first order terms
will capture most of the explanatory power of the prices obtained in a stochastic volatility setting
provided, of course, there is some level of correlation between the two Brownian motions. We now
turn to the inclusion of a second-order term as well as possible generalisations of the functional
form.

Theorem 3.6. In the case of the Heston (1993) model, the second-order correction term satisfies
(1, X,y) = uen(T, x,) + puea (T, x,) (3.16)
where notation has been simplified with the use of

M(Z,l)(T’ X, y) = H(x, y)(zxzuxx + 4x3uxxx + x4uxxxx)
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and

13 1
u(2,2)(7’ X, y) = H3(T, )’) (4x2uxx + 23x3uxxx + 23x4uxxxx + 7x5uxxxxx + Exﬁuxxxxxx)

5 1
2 3 4
+ H4(T3 y) ()C Uxx T =X Upxx T =X Uxxxx

4 4
where
Hy(1,y) = —i(y -0) (TEKT - i(1 - eZKT)) + 2 (f - i(3 —4e7KT 4 eZKT)) (3.17)
42 2k 42 \2 4k
while

1
Hi(t,y) = m(y — 9)2 (Kz‘rze_zKT — 2KT(6_KT — e_ZKT) +1-2eK" 4 e_ZKT)

o 2 2\ )
+ﬂ(}’—9)((2—1<‘r Ye KT — (1 + k7)e KT—1+KT)

2

2.2 -KT |, -2KT -KT
+H(KT —2kT +2kTe™" " + e —2e +1) (3.18)
and
2 e KT 1 _ 26 _ 2 _
Hy(t,y) = —;(y—@)( P 2 +«r1) - z(l —e KT)) + = (T(l +e K0y - ;(1 —e KT)) 3.19)

Proof. See appendix

The second-order term highlights one of the most attractive features of the approximation namely,
that options can be priced in both the presence of zero and non-zero correlation. The first order
term is the larger in magnitude of the two and disappears when correlation is set equal to zero. In
the second order term, the component which has the coefficient H,(7, y) is independent of correla-
tion and is the term which accounts for price differences when correlation is set equal to zero.

Moreover, the second-order term comprises, more generally, components which are of order p?
so that, regardless of the sign of correlation observed in practice, this term will always have the
same sign. This is in contrast to the first-order term whose sign depends on the sign of correlation.
This distinction between the two terms captures the skewness in distribution of the CIR process.
The next result provides the conditions required to extend the second-order term to more general
functional forms of volatility within the CIR and OU construct

Lemma 3.7. For more general functional forms of volatility such as those provided by (3.8)
H, (1, y) will satisfy, in the case of the CIR and OU processes, the partial differential equation

éH(T )+ k(0 — )ﬁH(T ) = L 22(7 )2 (3.20)
c')t 2 7)7 y ay 2 ’y - 8y (9yg sy *
In addition, this second term will, more generally have a second component, H,(1,y), such that
d d 1 & d :
= Hoy(1, 0—y)—Hy(1,y) = —=v* |e(r,y)—2(1, —g(r, 3.21
5 1126(TY) + k(0 =) o (7, ) 7Y lg(f y) 92 8(my) + ( ayg(T y)) } (3.21)

which can be simplified with the use of
o d o1 é
g(T,y)a—y2g(T,y) + (a—yg(T,J’)) = Ea_)ﬂg (T,y)
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This results in the inclusion of an extra term,

ﬁszb(T, y)xzuxx

Proof. See proof of theorem 3.6

In general, a second function must be included to the component of the second-order term which
does not depend on correlation, as the above results shows. However, no other such terms are
required in the evaluation of H3(t,y) and Hy(t,y). In fact, we can state the following

Theorem 3.8. Consider general functions such as those involving g(t,y), derivatives of this in y,
and combinations of these with ¥, f(y), which we shall denote by G(t,y). In addition, consider
functions H(t,y), such as Hy(t,y), Hyp(1,y), H3(7,y), and Hy(t,y) as used in the approximating
polynomial. Such functions are required to satisfy

-H. +«(0-y)H, = -G(1,y)
where T = T —t. In such cases, the following equality is satisfied

H(t,y) = LTG(u,v(u))du (3.22)

where
V) = 0+ (y— @)

In addition, it is clear that such functions tend to 0 as T tends to zero.

Proof. Note that we have v(t) = y as well as the partial derivatives v, = exp(«(u — 7)) and v, =
k(y — 0) exp(k(u — 7)), so that

~H, + k0 -y)H, = -G(1,y) + f [ve = k(0 =y | Gudu = —G(z.y)
0
as required

The great advantage of the aforementioned property is that it be can used to extend to any func-
tional form of volatility without great difficulty. Indeed, even in cases where suitable functions,
G(1,y), are difficult to integrate analytically in order to satisfy (3.22), modern computer packages
such as MATLAB can evaluate these numerically quickly with high precision. Moreover, we have
the

Corollary 3.9. Consider functions H(t,y) satisfying (3.22). Then it must be that

.
limH(t,y) = f lim G(u, y)du
k—0 0 k—0

Proof. 1t is obvious that v(u) — y as k — 0 and the argument then follows by continuity of the
function G.

Example 3.10. Consider the term H,(t,y) arising in the first-order term of the Heston (1993)
polynomial. The appendix has shown that G(t,y) = y(1 — e™*")/k so that

Gu, v(u)) = % (0+ @ -0 )1 -e™)
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and therefore

T T 1
limf G(u,v(u)du = yf udu = —y‘r2
k—0 0 0 2

as required.

Target Function H G(1,y) ‘ G(1,y): k=0 ‘
] ]
Hy(r,y) yyf(y)a—ygz(r, y) yh‘(y)a—yfz(y)r
Loay(0 o ) 1(2)
H(1,y) el ( ayg (T,y)) r ayf 691 ks
H 1 27‘9_2 2 1 276_2 2
(7, y) 2 528 (.y) el any o) 2
1 ] 1 i)
Hi(1,y) S FOHI (T 3) 2= g*(T,) —yzyfz(y)(—fzcy)) s
y 2 Oy
9 0
Hy(t,y) 2" f(y) e H(1,y) 2y f(y) e Hi(1,y)
'y 'y

TaBLE 1. Summary of functions, G(1,y), required to find functional coefficients in 7,y
as provided by (3.22) for the generalised CIR and OU processes where y = 0, 1/2 re-
spectively

Table 1 provides a summary of the relations between the functions required as coefficients, H(t, y),
of the approximating polynomial and the functions, G(r,y), which they must satisfy given the
identity in (3.22). For the Heston (1993) model, where g*(r,y) is provided by theorem (3.1),
it is straightforward to show that functions H;(t,y), i = 1,2,3,4, as provided in theorems (3.4)
and (3.6) satisfy the identity where y = 1/2. The third column is the special case of zero mean
reversion® where a simple integral of such functions with respect to 7 will yield the target function.

One of the most inhibitive properties of the first and second order terms is that they include partial
derivatives of the corresponding Black Scholes option price, with respect to the underlying asset,
up to sixth order. To assist with the tedium of such calculations the following recursion is proposed

2An important note is in order with respect to the implementation of the algorithm. Specifically, while the limiting
values exist for k = 0, programs such as MATLAB will not recognise these limits numerically so that small enough values
for the mean reversion parameter, x, may appear to give rise to prices which grow without bound very quickly. Therefore,
care must be taken with implementation and for small enough values of mean reversion (k < 0.1, say) the limiting values
can be used with reasonable accuracy. Packages, such as MAPLE, for example, will recognise the limits thus allowing
prices to be calculated for any mathematically reasonable parameterisation.
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Lemma 3.11. Consider the vector (o), aa, a3, @, @s) € R. Then the following equality holds for
linear combinations and partial derivatives of the Black Scholes option price, u(t, x,y),
2 3 4 5 6
QX Uyx + @2X Uxxxy + Q3X Usyxx T A4X Uyxyxx T A5X Uxxxxxx
a
2 +3 4 -
gy &'@Yy

= {011 + Bay — a3 — 1las)

1 d
—(a'z—a'3+2a'4—6a5+(18015—3a'4) > )(1+ ‘ )
g (r,y) g(t,y)
+(a —3a, + 1la —6L)(1+ d )2
’ ! > Tg(y) g(,y)

d \ d \
—(a4—6a/5)(1+ ! )+a5(1+ ! ) Puy,  (3.23)
gty g(t,y)

Where d, is as given in theorem (3.1).

Proof. Tt is easy to see that

1 d
Upey = ——Upe |1+ ! (3.24)

x 8(1,y)

while
B uixx 1 1
Uxxxx = M_xx - ;Mxxx - muxx
Similarly, . )
Wiy SUp, 2 3 3
u = == - - U1 - + u
XXXXX szcx Xty 2 XXX ( 282(7, y) x3g2(_[_’ y) XX
and
" =@_§&_L@(L_“)+lu (1_8_6)
e uix X ujzrx )C2 Uxx g2(7-’ y) x3 - gz(T» y)

N 1 ( 3 11 )

D VR uxx
gy gy
Taking linear combinations of these along with the identity

u _ dl "
2= (-D)"x "Mxx(l-*' )
! g(1,y)

XX

as provided by (3.24) yields the desired result

This recursion may look cumbersome, though it is easily implemented as illustrated in the follow-
ing

Example 3.12. Consider the second component in the second-order correction term for the Heston
(1993) stochastic volatility model which takes in the linear combination of partial derivatives
2% U + 4 U + X lrrn

Direct use of (3.23) then says that this is equal to

1 d d V| »
2- ———-3(1 1 -
{ (@) ( +g(ﬂy))+( +g(T,y))}xu
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which simplifies to

d% d] 1 X
- - N’ (d
{gZ(r,y) oY) gZ(T,y)}g(T,y) @)

3.2. The Stein and Stein (1991) Model. We close this section with the polynomial approxima-
tion arising from Stein and Stein (1991). The framework established thus far easily extends to this
model, though we will simplify the presentation by assuming zero correlation, essentially mean-
ing that we need only find a component of the second order term. It will be easier to evaluate the
polynomial arising from consideration of non-zero correlation by the use of numerical procedures
coupled with the representations provided in Table 1. Recall, also, that the time-dependent Black
Scholes volatility has been provided by (3.9), thus leading to the

Lemma 3.13. In the model of Stein and Stein (1991), assuming zero correlation, we have the
second order polynomial

MZ(I, X, y) = HZ(T’ y)(zxzuxx + 4x3uxxx + x4uxxxx) + sz(T, Y)X2Mxx

where
1 6?
Ho(r,y) = —1e=0- 0)* (ke KT — 1 + KT - m(e*m — 47K — 2kr + 3)
0
- 4—3(y - 0)(2kte X + e KT 2 _ 07 KT | 3,7KT)
K
and

1 1 _
Hy(ry) = o= |2r——(1-e¢ KTy

Proof. 1Tt is clear that the Heston (1993) and Stein and Stein (1991) polynomial approximations
differ only in their functional coefficients, H;(t,y), i = 1,2,3,4. Given the deterministic Black
Scholes volatility, g(t,y), as provided by (3.9) combined with theorem 3.8 and Table 1 where
v = 0, the result follows.

Corollary 3.14. The coefficients of the second order term in 7,y for the model of Stein and Stein
(1991) have the following limits

. B 1,53
lngHz(T,y) =57
and

. 1,
Ilg%Hg.(T,y) = ZT

Proof. Successive applications of L’Hopital’s rule provides the result

The preceding result is included not only for the purpose of completion, but also to help when one
wishes to implement the algorithm in a computer package which does not recognise these limits
numerically for small values of x when required.
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4. THE IMpacT OF A CHANGING DIFFUSION POWER PARAMETER, ¥, AS AN EXTENSION TO THE STEIN AND
SteIN (1991) MopEL

Having outlined the evaluation methodology for two of the more popular stochastic volatility mod-
els, we now use Table 1 to look at the implications of changing the parameter v in the volatility
specification
dY, = k(6 -Y,)dt+pY!dB,

where correlation between B, and the Brownian motion driving the stock price process, W,, is
equal to p € [—1, 1] along with the functional form of volatility f(Y;) = Y;. Given it is the impact
of y that we are most interested in, we consider all other parameters constant as summarised in
Table 2, and it is easier to use numerical packages to evaluate H;(7,y) ; i = 1,2,2b,3,4. Realis-
tically, parameters including that for mean reversion, «, and that for volvol, 8, should possibly be
revised to compensate for changes in 7y, though we will find it most useful to hold these fixed in
order to isolate the impact of changing .

Identity Process Parameters H Y, ‘

Initial value, y 0.1
Long-run mean, 6 0.1
Mean reversion, 3.0

Volatility of volatility, 8 0.1

Correlation, p -0.5

TaBLE 2. Input parameters for the identity process stochastic volatility model:
Other inputs are r = 0.05, 7 = 0.5, K = $100.

It is noted that instantaneous volatility, y, has been assumed to equal its long-run mean, 6, and,
subsequently, the constant Black Scholes reference volatility, & = 0.1. If we instead assumed that
volatility began either above or below its long-run mean then this would create greater kurtosis in
one of the tails of the log returns distribution, potentially producing an implied volatility smirk.
Once again, we ignore this possibility and focus solely on the excess kurtosis created in both tails
by consideration of y.

Having set the scene, we now turn to Figure 1 to examine the impact of changes in y where it takes
on values in the set [—0.75,0.75], where we recall that we have the Stein and Stein (1991) model
for y = 0. Specifically, it is the impact of the first and second order option pricing terms, u(7, x, y)
and uy(1, x,y), which are illustrated. That is, the improvement in the price of the options over the
zero order term, the Black Scholes option price, uy(t, x,y), are being illustrated when the strike
price, K, is fixed at $100 along with interest rate, r = 0.05, and option maturity, 7 = 0.5, relative
to changes in the initial asset price, x € [80, 120].

The first thing to notice is the magnitudes of the improvement in price. For the values y €
[—0.25,0.75] all stochastic volatility option prices offer improvements over Black Scholes re-
stricted to the range [-$1,$1]. However, as y becomes more negative (taking on values in the
set [-0.75, —0.5]), these changes in price increase in absolute value exponentially, with the largest
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Price Difference ($)

Stock Price ($x) -0.75

Power Parameter - gamma

FiGure 1. Differences between stochastic volatility and Black Scholes European call
option prices: The functional form of volatility is o, = Y;, while parameters are y = 6 =
0.1,k =3,8=0.1,p=-0.5,r =0.05, 7 = 0.5 years, K = $100. Black Scholes volatility
isa=0.1

price improvement over Black Scholes being close to $4.

When we have the values y € [-0.5,0.75], the pattern in price changes is reasonably constant:
At the money option prices for stochastic volatility are more expensive than for Black Scholes.
Then, as options move further in and out of the money, the price differences become negative
before rising again and converging to Black Scholes.

Figure 2 illustrates the impact of y on the changes in option prices compared to Black Scholes by
consideration of the first derivative. That is,

0 0 0
5'4(‘1’, xy) = 5”1(‘& x,y) + 5“2(‘& x,y)
What becomes clear is that the option price becomes much more sensitive to y as y | —1. For
v € [-0.5,0.75], the option prices are much less sensitive for y > 0.

In particular, Figure 3 indicates that in the limit, ¥ | 0%, at the money option prices are more
sensitive while in the limit, y T 0.757, out of the money options are more sensitive than in the
money options. However, the impact of y — 0 in general appears to have the greatest positive
implications for volatility smiles.

Next, we examine the stock price densities as recovered by the use of (see Breeden and Litzen-
berger 1979) the second order derivative

(92
ﬁu(r,x,y;m 0,.8,p,.K) = f5,(z=K;x,y,7)
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Sensitivity to gamma ($)

0.75

-0.25

. -0.75
Stock Price ($x) Power Parameter - gamma

FiGure 2. Sensitivity of stochastic volatility European call option prices to power
parameter, y: The functional form of volatility is o, = Y;, while parameters are y = 0 =
0.1,k =3,8=0.1,p=-0.5,r =0.05, 7 = 0.5 years, K = $100. Black Scholes volatility
iso=0.1

Sensitivity to gamma ($)

0.75

0.25

Stock Price ($) 0

Power Parmater — gamma

FiGure 3. Sensitivity of stochastic volatility European call option prices to power
parameter, y, a closer inspection: The functional form of volatility is o, = Y;, while
parameters are y = 6 = 0.1,k = 3,8=0.1,p = -0.5, r = 0.05, 7 = 0.5 years, K = $100.
Black Scholes volatility is & = 0.1

that is, the density of the terminal stock price, S7, evaluated at the strike price K given initial
values 7, x, y and the parameter space {«, 8,8, r}.
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FIiGURE 4. Terminal stock price density assuming stochastic volatility: The func-
tional form of volatility is o, = Y;, while parameters are y = 6§ = 0.1, x = 3, 8 = 0.1,
p =-0.5,r=0.057=0.5 years, x = $100.

Figure 4 shows the resultant density for power parameters in the set y € {0,0.25,0.5,075}, from
which a number of items become apparent. Firstly, as y | 0", the density is becoming negative
in parts which is attributable to the non-zero probability that volatility is negative. That is, the
introduction of correlation to the Stein and Stein (1991) model has led to an unrealistic density.
In addition, negative powers for y exacerbate this problem meaning we must restrict attention to
v > 0. The intuition for such results is clear: For a fixed time horizon, 7, the volatility paths
are almost surely less than one. This means that increasing vy in the diffusion coefficient for the
volatility process, Y}, is reducing its impact, thus leading to volatility which becomes deterministic
as y becomes large. On the other hand, forcing the power parameter, y, to be smaller increases
the contribution of the diffusion coefficient and, subsequently, the probability that volatility can
become negative. In other words

ljm P[Y; <Oforsomes] = 1

yl—co

The second item which becomes apparent is the way in which y impacts on the skewness of
the distribution of returns. In particular, with consideration that we have fixed p = —0.5, the
distribution is most negatively skewed for y = 0, the Stein and Stein (1991) model. However,
as y T 17, the distribution becomes more symmetric, thus negating the skewness produced by
the correlation coefficient, p. This, again, is an artefact of volatility becoming deterministic as y
increases.

To examine closer the impact of the diffusion power parameter, y, on the density for log returns,
we look to its first derivative in Figure 5. That is,

3

0
M—ZKM(T’ x,y:4,60,8,0,1,K)
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FiGuRe 5. Sensitivity of terminal stock price density to power parameter, y, assum-
ing stochastic volatility: The functional form of volatility is o, = Y,, while parameters
arey=60=0.1,k=3,8=0.1,p=-0.5,r = 0.05, 7 = 0.5 years, x = $100.

It is clear that the densities become more sensitive to y when this value is closer to zero. Essen-
tially, for the second derivative,
64
mu(r, X,y k,0,8,p, 1, K)
the distribution is placing more mass at its mean, less in its immediate tails and then more again
as the tails become thinner and thinner, the diminishing skewness for larger values of y becoming
more apparent and these effects are occurring at a diminishing rate.

5. THE IMPACT OF A CHANGING DIFFUSION POWER PARAMETER, ¥, AS AN EXTENSION TO THE SCOTT
(1987) MopeL

Having investigated the implications of changing y for o, = Y;, we now look the implications of
changing the parameter 7y in the volatility specification

dY, = k(6 - Y,)dt +BY'dB,

where correlation between B, and the Brownian motion driving the stock price process, W,, is
equal to p € [—1, 1] along with the functional form of volatility f(Y;) = exp(Y;), as an extension
of the Scott (1987) model. The reason for examining this second specification is the problems
caused by the sample paths for the identity process, f(Y;) = Y;. We recall that, in that case, in the
limit, y | 0%, volatility can become negative with increasing probability, thus leading to unrealistic
densities for the returns process. The idea with this second specification is to enforce volatility to
be positive, almost surely, though some considerations are needed in order to make useful com-
parison of both functional specifications.

Firstly, the value for y and, subsequently those for 6, «, 8, must be revised so that instantaneous
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volatility is equal to 0.1 as before. In other words, we now require exp(y) = 0.1 meaning that the
paths of the process, Y;, must be mostly negative. Because this is the case, the diffusion power pa-
rameter, y, must be restricted to integer values otherwise Y, will become a complex-valued process.

In addition, Yy = y = —2.306 and, because the absolute value for this is greater than one, it is
clear that integer values for vy in the set {..., -3, -2, —1} will lead to less variability in the sample
paths for Y, meaning that it won’t be able to generate enough kurtosis in the log returns process.
For these reasons, we restrict attention to positive integer values for y with the understanding that
larger values will lead to more variability in the sample paths of ¥; and, subsequently, greater kur-
tosis in the log returns process.

Exponential Process Parameters H exp(Y;) ‘

Initial value, y -2.3026
Long-run mean, 6 -2.3026
Mean reversion, k 5.0

Volatility of volatility, 8 0.1

Correlation, p -0.5

TasLE 3. Input parameters for the exponential process stochastic volatility model:
Other inputs are r = 0.05, 7 = 0.5, K = $100.

Parameters for the functional form, f(Y;) = exp(Y;), are summarised in Table 3 and we specifically
examine the choices y € {0, 1, 2, 3,4}. The case of y = 0 can be seen as an extension to the model
of Scott (1987) by the introduction of correlation. Other choices for 7y, therefore, can be seen as an
extension to this model by change of diffusion coefficient. In particular, Figure 6 indicates the price
differences between stochastic volatility and Black Scholes option prices. As expected, increasing
v leads to more variability in the sample paths of volatility and, therefore, greater price differences.

Beginning with the model of Scott (1987), we find that all stochastic volatility option prices are
within $0.02 of Black Scholes, relatively symmetric about the strike price K = $100, and positive
for in the money options, and negative for out of the money options due to the assumption of
negative correlation. As vy increases there are two noticeable effects: First, the price differences
are spreading to include more in and out of the money options. Second, the difference in pricing
reverses as y increases. Specifically, each integer increase in vy is reversing the effect of correlation.
For y = 1 it is mostly out of the money options which are more expensive than Black Scholes,
in the money options are mostly cheaper. For v = 2 this trend reverses to that for y = 0, that is,
out the money options are mostly cheaper, in the money options are more expensive than Black
Scholes. This follows because the diffusion term is having a positive impact on sample paths by
virtue of the even powers, so we expect that odd powers are of more interest, thus keeping the
sample paths negative with greater probability. Also, as vy increases, the magnitudes of positive
price differences increases relative to negative price differences to the point that all prices are more
expensive than Black Scholes for y = 4.
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FiGure 6. Differences between stochastic volatility and Black Scholes European call
option prices: The functional form of volatility is o, = exp(Y;), while parameters are
y=60=-23026,k=5,8=0.1,p=-05,r =005, 7 = 0.5 years, K = $100. Black
Scholes volatility is o = 0.1

Figure 7 reiterates these points where we see the respective return densities. In particular, the
density for the Scott (1987) model is the least skewed with densities for y = 1, 3 being positively
skewed while densities for y = 2,4 are negatively skewed, the amount of skewness increasing in
absolute value as y increases. For odd values of y we find that the densities are positively skewed
due to the almost sure negativity of the sample paths of Y, so that it is necessary to reverse the
sign of correlation in order to create negative skewness. Another effect to notice is that one of
the tails becomes fatter as y increases, the other becoming thinner due to correlation. The density
corresponding to y = 4 is the most unrealistic, though in all of these cases (as opposed to those
for f(Y;) = Y,), all have the properties of densities and it appears that larger values for y will
correspond to greater curvature in implied volatility smiles.

6. MOMENT SUMMARIES

Our initial investigation has considered the use of a power parameter in the diffusion coefficient of
intrinsic volatility, ¥;, when the functional form of volatility is either f(Y;) = Y; or f(Y;) = exp(Y;),
and it appears that the price differences and stock price densities recovered suggest that it is the
second specification with increasing powers for y which will provide the most potential in pro-
viding implied volatility smiles. This follows, we recall, from the fact that the use of an identity
process supports lower powers for vy, though for y < 0 unrealistic densities will be recovered. In
other words, for y > 0, there may not be enough curvature captured in implied volatilities.

To investigate the potential further, we now examine the variance, skewness, and kurtosis of the
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Stock Price Densities for Different Power Parameters Assuming Exponential Volatility
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FiGure 7. Terminal stock price density assuming stochastic volatility: The func-
tional form of volatility is o, = exp(Y;), while parameters are y = 8 = —-2.3026, k = 5,
B=0.1,p=-0.5,r=0.051=0.5 years, x = $100.

terminal stock price distribution for each functional specification, as in the spirit of Das and Sun-
daram (1999). The objective, therefore, of this section is to examine the potential of each spec-
ification, under different parameters, to provide enough excess kurtosis at different maturities in
order to explain volatility smiles more accurately. In order to retrieve each of the four centered
moments required, we again turn to a second order derivative of the option price with respect to the
strike price, K. Recall that this is the value of the stock price density evaluated at the strike (that
is, St = K) so that integrating with respect to K yields the desired results. Numerical integration
packages using MATLAB are employed in each case.

To broaden the analysis conducted thus far, we consider two different maturities, three differ-
ent values for correlation, and two values for volatility of volatility. Specifically, we consider
the terminal stock price in two weeks and again at six months. Each of these is evaluated at
p € {-0.5,0,0.5} in order to better see the impact of correlation on skewness. The two volatility
of volatility choices made are 8 = 0.1 and 8 = 0.3, allowing us to get more of an indication of the
kurtosis created for each of the power parameters.

6.1. The Identity Process. The results obtained for variance, skewness, and kurtosis in each of
the twelve cases can be seen in Tables 4 - 9, the average stock prices are $100.1925 and $102.5315
for the time horizons 7 = 1/26 and T = 0.5 respectively. We see that in almost all cases that
kurtosis increases as y decreases. The three exceptions are wheny = 0, T = 0.5, 8 = 0.3 for each
of p=-0.5,0,0.5.

We recall that at y = O there is a potential for the density to become negative, however, for y close
to zero the greatest kurtosis will attain. This problem, however, is not arising over the shorter
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H variance ‘ skewness ‘ kurtosis ‘ ’ variance ‘ skewness ‘ kurtosis ‘

y=0 3.9164 -0.2147 3.1149 57.0683 | -0.3237 3.5263

vy =025 3.8755 -0.0984 3.0280 53.6620 | -0.1374 3.1261

y =0.50 3.8641 -0.0303 3.0048 52.7665 0.0040 3.0108
y=0.75 3.8614 0.0086 3.0008 52.5858 0.0925 3.0176
TaBLE 4. Centered Moments for the Stock Price Distribution for the Exponential

Process: Parameters are as in Table 2 with x = $100, r = 0.05, p = —0.5, 7 = 2 weeks
(left panel), T = 0.5 (right panel)

H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis ‘

vy=0 4.4392 -0.6011 4.0251 102.2397 | -0.2836 | 4.6003
y=025 4.0338 -0.3775 3.3891 67.1246 -0.4174 | 4.4354
y=050 || 3.9102 -0.2011 3.1174 56.5582 -0.2979 | 3.5737
y=0.75 3.8737 -0.0903 3.0292 53.5219 -0.1190 | 3.1442

TaBLE 5. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 2 except 8 = 0.3 with x = $100, r = 0.05, p = =0.5,
7 =2 weeks (left panel), 7 = 0.5 (right panel)

H variance ‘ skewness ‘ kurtosis ‘ ’ variance ‘ skewness ‘ kurtosis ‘

vy=0 3.9306 0.0620 3.1426 58.7439 | 0.2678 3.7102
y=025 3.8835 0.0599 3.0506 54.6080 | 0.2324 3.3192
y=050 || 3.8686 0.0592 3.0203 53.3001 0.2192 3.1606
vy =075 3.8639 0.0589 3.0106 52.8865 0.2148 3.1064

TaBLE 6. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 2 with x = $100, r = 0.05, p = 0, 7 = 2 weeks (left
panel), 7 = 0.5 (right panel)

H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis ‘

vy=0 4.4819 0.0821 3.8991 107.1341 0.3915 4.0773
vy =025 4.0579 0.0675 3.3657 69.9103 0.3300 4.2247
vy =050 || 3.9237 0.0617 3.1295 58.1391 0.2632 3.6621
y=0.75 3.8813 0.0598 3.0462 54.4167 0.2305 3.2972

TaBLE 7. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 2 except 8 = 0.3 with x = $100, » = 0.05,p =0, 7 =
2 weeks (left panel), 7 = 0.5 (right panel)

term horizon of two weeks, that is, the impact of the larger volvol is negated by time. In addi-
tion, increases in volvol, 3, lead to larger increases in skewness over time than do smaller values
of volvol. Interestingly, kurtosis also increases as distributions become more positively skewed
though values of correlation in the range [—1, 0] are generally preferred.
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H variance ‘ skewness ‘ kurtosis ‘ ’ variance ‘ skewness ‘ kurtosis ‘

vy=0 3.9450 0.3375 3.2405 60.4639 0.8474 4.3412
y=0.25 3.8916 0.2178 3.1016 55.5715 0.5999 3.7137

y =0.50 3.8731 0.1486 3.0468 53.8403 0.4346 3.3802
y=0.75 3.8664 0.1093 3.0246 53.1896 0.3376 3.2252
TaBLE 8. Centered Moments for the Stock Price Distribution for the Exponential

Process: Parameters are as in Table 2 with x = $100, r = 0.05, p = 0.5, 7 = 2 weeks (left
panel), T = 0.5 (right panel)

H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis ‘

y=0 4.5250 0.7587 4.2629 112.4266 1.1079 4.8455
y=0.25 4.0820 0.5105 3.5783 72.8531 1.0896 5.1596

y =0.50 3.9373 0.3242 3.2371 59.7796 0.8301 4.3634
y=0.75 3.8890 0.2099 3.0991 55.3334 0.5840 3.7060
TaBLE 9. Centered Moments for the Stock Price Distribution for the Exponential

Process: Parameters are as in Table 2 except 8 = 0.3 with x = $100, » = 0.05, p = 0.5,
7 =2 weeks (left panel), 7 = 0.5 (right panel)

Regarding skewness, the general trend is that distributions become more skewed as y decreases.
The two exceptions to this are at y = 0, T = 0.5, 8 = 0.3 for each of p = —0.5, 0.5, again for the
reason that, over this time horizon, the density becomes unrealistic.

In particular, all summary statistics for skewness and kurtosis confirm that densities become closer
to normal as 7y increases. In other words, volatility is becoming deterministic over time for larger
power parameters because this increase leads to a dampening of the diffusion coefficient. The most
resounding example of this is that where 8 = 0.1, T = 1/26, p = -0.5.

H variance ‘ skewness ‘ kurtosis ‘ ’ variance ‘ skewness ‘ kurtosis ‘

0 3.8571 0.0312 3.0020 52.6307 0.1589 3.0434
1 3.8673 0.1227 3.0328 53.4334 0.3398 3.2290
2 3.8867 -0.0849 3.0293 54.3696 -0.0443 3.0543
3 4.0698 0.3777 3.3266 66.9311 0.7282 3.9389

y=4 4.8628 -0.4664 3.6411 116.0001 | -0.1518 2.9150
TaBLE 10. Centered Moments for the Stock Price Distribution for the Exponential

Process: Parameters are as in Table 3 with x = $100, r = 0.05, p = —0.5, 7 = 2 weeks
(left panel), T = 0.5 (right panel)

R R R
TR

6.2. The Exponential Process. The centered moments obtained using the exponential process
are summarised in Tables 10 - 15. As before the means are $100.1925 and $102.5315 for the time
horizons T = 1/26 and T = 0.5 respectively. Regarding kurtosis, one item becomes immediately
apparent: The amounts generated are not as large as those produced using the identity process.
This finding would appear to suggest that this second model is not as capable as the first in pro-
viding volatility smiles. However, there is one major factor which is resulting in less kurtosis and
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H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis ‘
y=0 3.8648 -0.0235 3.0080 53.0449 0.0581 3.0269
y=1 3.9294 0.2476 3.1510 57.6194 0.5742 3.6740
y=2| 4.1671 -0.3216 3.3503 72.1467 -0.2227 3.5274
y=3 5.6690 0.6634 4.0025 171.4372 | 0.6377 2.6586
y=4 || 13.1430 | -0.2758 2.5409 645.3886 | 0.0768 0.7541

TaBLE 11. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 3 except 8 = 0.3 with x = $100, r = 0.05, p = =0.5,
7 =2 weeks (left panel), 7 = 0.5 (right panel)

H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis ‘
y=0 3.8585 0.0588 3.0074 52.7641 0.2132 3.0855
y=1 3.8641 0.0590 3.0133 53.1240 0.2153 3.1063
y=2 3.8940 0.0598 3.0431 55.0725 0.2255 3.2027
y=3 4.0527 0.0638 3.1814 63.7615 0.2722 3.6184
y=4 | 49018 0.0778 3.5298 119.7343 | 0.2938 2.8754

TaBLE 12. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 3 with x = $100, r = 0.05, p = 0, 7 = 2 weeks (left
panel), 7 = 0.5 (right panel)

H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis ‘
= 3.8690 0.0591 3.0181 53.4430 0.2170 3.1234
= 3.9198 0.0605 3.0677 56.6823 0.2332 3.2702

4.1892 0.0668 3.2766 74.2189 0.2796 3.4553
5.6176 0.0840 3.5640 161.9283 | 0.2895 2.4410
13.2592 | 0.0835 2.3066 656.1752 | 0.1674 0.7028

R R R R R
I
AW O = O

TaBLE 13. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 3 except 8 = 0.3 with x = $100, r = 0.05,p =0, 7 =
2 weeks (left panel), 7 = 0.5 (right panel)

this is the increased variances. In particular, when y = 4, the amount of kurtosis present it at its
smallest relative to all other choices for y. The exceptions to this are the cases, (i) where 8 = 0.1,
p = 0.5, for both time horizons, and (ii), 8 = 0.1, p = —0.5, T = 1/26. The reason for this effect
appears too be the huge increases in variance, that is, the distributional tails are spreading further,
though at a decreasing rate.

Larger volvol is also leading to decreased kurtosis for the cases where v = 3, a further indi-
cation that the coupling of larger y with larger S will not be sufficient. In other words, for the
exponential model, the power parameter must be chosen carefully and larger values of it should
possibly be offset by a smaller volvol parameter.
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H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis ‘
y=0 3.8599 0.0865 3.0150 52.8981 0.2678 3.1361
y=1 3.8609 -0.0046 3.0029 52.8167 0.0916 3.0198
y=2 3.9014 0.2047 3.0966 55.7876 0.4965 3.4894
y=3 4.0358 -0.2502 3.1890 65.3235 -0.1959 3.1759
y=4 | 49412 0.6200 3.8242 123.6072 | 0.7390 3.2102

TaBLE 14. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 3 with x = $100, r = 0.05, p = 0.5, 7 = 2 weeks (left
panel), 7 = 0.5 (right panel)

H variance ‘ skewness ‘ kurtosis ‘ ’ variance | skewness ‘ kurtosis

3.8731 0.1420 3.0468 53.8472 0.3785 3.2947
3.9102 -0.1260 | 3.0652 55.7720 -0.0997 3.1544
4.2115 0.4568 3.5120 76.4005 0.8048 4.0867
5.5668 -0.4899 | 3.8451 166.4781 | -0.0349 | 2.3763
4 || 13.3782 | 0.4556 2.5742 668.2099 | 0.2822 0.7695

RN R =R
I
W o = O

Y

TaBLE 15. Centered Moments for the Stock Price Distribution for the Exponential
Process: Parameters are as in Table 3 except 8 = 0.3 with x = $100, r = 0.05, p = 0.5,
T =2 weeks (left panel), T = 0.5 (right panel)

7. IMPLIED VOLATILITIES

Having begun our initial investigation to the impacts on option prices by use of the power pa-
rameter, y under two functional specifications for stochastic volatility we now look to the implied
volatilities which are produced. For the identity process, f(Y;) = Y;, we consider powers in the
set ¥ € {0,0.25,0.50,0.75} when Sy = x = $100, r = 0.05, 7 = 0.5 years, all other parameters
provided in Table 2, and strike prices in the range K € [85,115]. In the second model, the use
of the exponential process, f(Y;) = exp(Y;), we consider powers in the set y € {0, 1,2, 3,4} when
So = x=8$100, r = 0.05, T = 0.5 years, all other parameters provided in Table 3, and strike prices
in the range K € [85, 115].

Figure 7 shows the implied volatilities for the identity process model with y = 0 corresponding
to the Stein and Stein (1991) model. In all four cases, the shapes of the curves are more likely
to be described by smirks or skews than smiles. However, it is clear that the amount of curvature
increases as the power parameter, y, decreases. We reiterate that this effect is somewhat different
in nature to the choice of the volvol parameter, 5. While it is true that increasing 8 will increase
variability in the sample paths for Y, the difference that the parameter y produces is the increases
path-dependence in the process Y;. In particular, for y = 0, Y; is a Gaussian process and therefore
symmetric in distribution. However, as vy, increases this property no longer holds and the process
Y, will have a skewed distribution.

Figure 9 illustrates the implied volatilities for the exponential process, f(Y;) = exp(Y;), withy =0
corresponding to the Scott (1987) model. As expected, the even and odd powers are creating a
range of shapes, that corresponding to y = 4 being the most unrealistic. The choice of y = 3 has
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Figure 8. Implied Volatilities: The functional form of volatility is o, = Y,, while
parameters arey =0 = 0.1,k =5,8=0.1,p = 0.5, r = 0.05, 7 = 0.5 years, x = $100.
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FiGure 9. Implied Volatilities: The functional form of volatility is o, = exp(Y;), while
parameters are y = 6 = =2.3026, k = 5,8 = 0.1, p = -0.5, r = 0.05, 7 = 0.5 years,
x = $100.

created a smile and it should be recalled that the extent to which this is true depends on a num-
ber of factors. These include the speed of mean reversion, «, the long-run mean of the volatility
process, 6, the instantaneous volatility, y, and its relation to long run mean, and the sign and size
of correlation. In other words, choices such as the distance of instantaneous volatility to its long
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run mean will change the nature of the smile. Similarly, lowering the speed of mean reversion will
create more variability, thus increasing the amount of curvature present.
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Ficure 10. Implied Volatility: The functional form of volatility is o, = exp(Y;), while
parameters are y = § = —2.3026, r = 0.05, 7 = 0.5 years, x = $100.

Given the success of the choice y = 3 in providing a smile, we now look to this potential in the
case where the log returns distribution is negatively skewed. To accomplish this, we set p = 0.1,
recalling that the paths of Y, are negative more often than not almost surely, and that, due to the
magnitudes of the sample paths, this will impact on the skewness in the distribution further. The
implied volatility smile recovered from this parameterisation is seen in Figure 10. We note that
the shape is almost the reverse of that seen when correlation was set to p = —0.5.

Figure 10 also provides a volatility smile for an alternate parameterisation when y = 2 and
p = —0.5. The reason for this choice stems from Table 11 where it is recalled that, for k = 5,
B = 0.3, there is negative skew and excess kurtosis. In the example here we lower mean reversion
to k = 3 to create more variability in the process Y; and it can be seen that the smile has its turning
point deeper out of the money than that produced for y = 3 and also with pronounced curvature.
Furthermore, Tables 10 - 15 indicate that the general shapes should be preserved over different
maturity horizons.

8. CONCLUSION

This paper has confirmed that key considerations in the modelling of stochastic volatility such
as correlation and functional choice for volatility are important in explaining implied volatility
smiles. While the functional form has been investigated in only little detail (and deserves ex-
tension in its own right), the choice of a diffusion power parameter has also been shown to be
important.
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In particular, the impact of the term BY; as a diffusion coefficient in the intrinsic volatility pro-
cess, Y;, has been modelled under the choices of functional form of volatility f(Y;) = Y; and
f(Yy) = exp(Y;), the importance of the choice for y being related to path-dependence in the volatil-
ity process and the subsequent impact of this on the distribution for Y;.

In the first model, f(Y;) = Y;, it was shown that decreasing values for y increase the curvature
in smiles and smirks owing to the size of the sample paths of the process, Y;. In particular, over
most reasonable time horizons, the paths of volatility are less than one almost surely so that in-
creasing the power parameter, y, reduces the impact of the diffusion coefficient, and that larger
values for y correspond to the process Y; becoming closer to being deterministic. That is, val-
ues for y closer to zero are more able to explain curvature, although care must be taken to ensure
that the volatility process does not become negative in its sample paths with reasonable probability.

In the case of the second model, f(Y;) = exp(Y;), we had to restrict y to taking on integer val-
ues to ensure that the process Y, was real-valued. This follows because instantaneous volatility,
v, and the long-run mean of volatility, 6, must be chosen to be negative so that exp(y) provides a
realistic measure of initial volatility. In addition, the absolute value of these parameters will almost
always be greater than one so that increasing y increases the variability in the sample paths.

There are two sets for y which deserve separate attention; even integers and odd integers. For
the case of even integers, the power parameter has the effect of enforcing the diffusion coefficient
to be positive, that is, ¥; can oscillate about the origin over time and this effect will be exacerbated
in increasing 7y to the extent that the volatility process has a distribution with much excess kurtosis,
thus impacting on the tails of the density for the log returns process unproportionally.

For odd powers of vy, the process Y; may still oscillate though to a much lesser extent than for
even powers, thus resulting in more negative sample paths. This means that negative correlation
between the Brownian motions leads to a positive skew for the distribution for returns, the reverse
occurs for positive correlation. It was seen that larger and odd powers for y produce the most cur-
vature in implied volatilities, the choice of y = 3 leading to a smile under the parameters assumed
here. Yet again, the extent of this smile will depend largely on inputs such as y, 6, and correlation,

p.

Given the success of the choice of parameter y = 3 in explaining a volatility smile, we used
this parameterisation again, however, changed the correlation parameter, p, in order to recover a
negatively skewed distribution for asset returns. Once again a smile shape was produced, almost
the reverse in shape to that produced for negative correlation, and it follows that the power param-
eter, y has a lot of explanatory power in producing implied volatility smiles within a stochastic
volatility modelling specification.

In general, care should be taken with the choice for vy in either model. We have not only seen
that certain ranges for it lead to volatility to becoming more deterministic, but also that allowing it
to have too much explanatory power can have too great an influence on option prices produced. In
particular, if the power parameter has too much influence then it is possible that the variance of the
stock price distribution will grow unproportionally resulting in an important loss of kurtosis. This,
in turn, results in a flattening of the implied volatilities for options further in and out of the money.
However, it has been seen that certain choices for y lead to greater curvature in implied volatilities.
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It appears that the sign and size of correlation, p will have a large influence on the position of
the turning point of volatility smiles. All else being equal (including the functional form) posi-
tively skewed distributions have the most hope of producing an implied volatility smile, though
we have seen examples where this has occurred for negative skewness which is important because
negative skewness is supported empirically.

The functional form of volatility obviously has important implications for the amount of kurto-
sis and skewness in returns distributions and should be carefully considered. An area of future
research might be the investigation of a functional choice, f(-), such that, o, < f(Y;) < exp(Y,) for
all r almost surely. Specifically, the process, Y; may not be able to generate enough kurtosis, while
exp(Y;) may produce to much variance.

In sum, however, the choices for functional form, correlation, and the power parameter all have
important implications for implied volatility smiles. One key modelling consideration which this
paper has not addressed is the correct specification of the market price of volatility risk which
should arise not only out of consideration of the diffusion term, ﬁYty , but also in terms of the
functional specification. In other words, all parameters have been assumed to model such risk in-
directly and an area of future research would be to solidify a meaningful method of incorporating
a realistic expression for volatility risk.
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9. APPENDIX

9.1. Proof of Theorem 3.4. The expansion in (3.12) provides the coefficient of £,
Lpsur(t,x,y) + Liug(t, x,y) = 0

However,

1

8(1,y)
Therefore, we look for ay, s, and h(g(t, y)) such that

N P LD d
Liug(t,x,y) = pxy—N(d)) = —pxy N (d)—g(Ty) = —pydax’u—g(t,y)
Oy Oy Ay

2 3 2
QX Upx + @2 X Uyxx = —h(g(T, y))dZX Uxx
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whence it becomes clear that we must have a; = 1, @, = 1/2, h(g(r,y)) = 1/2g(r,y). That is,

o 1 0 1 0
"EBSul(T’ X, y) = _Zpyg(T’ y) -xzuxx + _xsuxxx g(T’ )’) = —py xzuxx + _x3uxxx gz(T’ y)
2 ay 2 ay

Alternatively,

1

£~Bs x"
ox"

And, because Lpg is linear in its derivatives in ¢ and v, this means there exists some function,
H(1,y), such that

up(t,x,y) = 0

- 1 -
Lpsui(, x, )’) = p (xzuxx + §x3”xxx) LpsH (T, )’)
where 5
LpsHi(r,y) = —ya—gz(‘r, y)
y
The function H,(t,y) provided in (3.14) satisfies this equality.

9.2. Proof of Theorem 3.6. The expansion in (3.12) provides the coefficient of 52,
Lpsun(t,x,y) = Lpsluzi(t,x,y) + upo(t, x,9)] = —Loug(r, x,y) — L1y (T, X, y)

where we will let u, 1 (7, x, y) correspond to the operator, Ly, and u, »(7, x, y) correspond to .L; We
look first to the right part of the right hand side of this where we find that

18 ., 1
—Louo(t, x,y) = _Ey(?_y [XN (dl)gy] = _§y<ggyy+dld2(gy)2)x2uxx

where g, and g,, denote the usual first and second derivatives of g(r,y) with respect to y respec-
tively. Because of the term involving d;d,, we look for the constants, @, a», @3 such that

2 3 4 2
QX Uyx + QX Uyxx + @3X Uyxxy = h(g(T9y)’ dle)x Uxx

for some suitable function, /4. It is not difficult to show that the choice of @1 =2, a» =4, a4 = 1,
leads to

1 1

Loug(t,x,y) = Ey (ggyy + (gy)z) xzuxx + EY(g)'g)z(zxzuxx + 4x3uxxx + x4uxxxx)

However, for the Heston (1993) model, gg,, + (gy)2 = 0, leaving us with
1
_LOMO(Ty X, y) = _Ey(gyg)z(zxzuxx + 4x3uxxx + x4uxxxx)
That is,
7 _ _1 27,2 3 4 _ 2 3 4 P
BS M2,1(T, X, y) = 2y(gyg) (2x uxx+4x UxxxtX uxxxx) = (ZX uxx+4x UyxxtX uxxxx)-[:BS HZ(T9 y)

and we find H,(7,y) provided in (3.17) satisfies this equality.

In order to recover u; (7, x,y), we now look to the term, —£L;u; (7, x,y). To that end, we have

2 2 2
(9.25)

0 1 1 0 0 1
p—Hi(t ) | FPttr + = FUpne | = p[Pthax + =Xt | — Hi (0, ) +0H (1, 9) — [ FPthx + =X Uy
ay ady ay
The first term on the right hand side is straightforward, for we must then have

0 1 0 5 1 0
szYa (xzuxx + §x3uxxx) a_yHl (T, y) = 2/32)’ (xzuxx + Zx?,uxxx + Zx4uxxxx) a_yHl (T’ y)
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That is, there exists the function, u,» (7, x,y), such that

~ 5 1 -
-LBS M2,2,1(T7 X, y) = 2/?2 (xzuxx + Zx3uxxx + Zx4uxxxx -EBS H4(T, y)

from which we find that (3.19) satisfies this equality. We now turn to the second term on the right
side of (9.25). In light of theorem 3.4, we seek

0 1
Hi(7,y) 7 5———d g xXx
pH (. Y)ay 26.y) hx“u
and find this equal to
1
pH: (7, y)fgzgy (d1d§ —d; - 2d2) ity

Because the expression involves d1d§ we look for the constants, a1, as, a3, @4, and find that

g3(T’ y)(4-x2uxx + 14x3uxxx + 8x2uxxxx + xsuxxxxx) = dld% - dl - 2d2

Xty

That is, the choice of @] = 4, a» = 14, a3 = 8, and a4 = 1, leads to

0 1 1
le (T, y)a_y (xzuxx + §x3uxxx) = Ele (Ta y)ggy(4x2uxx + 14x3uxxx + 8x2uxxxx + xsuxxxxx)

Because we are using the operator, £;, we need to differentiate with respect to x and multiply by
pxy. Doing so says that

- 13
LBS u2,2,2(Ta X, )’) = p2yHl (T, y)gg} (4x2uxx + 23x3uxxx + 23x2uxxxx + 7x5uxxxxx + §x6uxxxxxx)

~ 13 1
= pZ‘LBS HS(T» )’) (4x2uxx + 23x3uxxx + 23x2uxxxx + Exsuxxxxx + §x6uxxxxxx)

from which we find that (3.18) satisfies this equality.
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STRIKE (K) | y=0 |y=025]y=050[y =075 || Black Scholes

85 17.1573 | 17.1288 | 17.1168 | 17.1117 17.1066
86 16.2040 | 16.1666 | 16.1510 | 16.1439 16.1369
87 15.2567 | 15.2094 | 15.1892 | 15.1799 15.1703
88 14.3164 | 14.2583 | 14.2329 | 14.2210 14.2084
89 13.3845 | 13.3150 | 13.2839 | 13.2691 13.2531
90 12.4626 | 12.3814 | 12.2444 | 12.3265 12.3068
91 11.5226 | 11.4599 | 11.4170 | 11.3959 11.3724
92 10.6569 | 10.5532 | 10.5047 | 10.4807 10.4535
93 9.7780 | 9.6646 9.6112 | 9.5846 9.5542
94 8.9190 | 8.7975 8.7403 8.7117 8.6788
95 8.0831 | 7.9559 7.8962 | 7.8664 7.8322
96 7.2738 | 7.1437 7.0834 | 7.0534 7.0192
97 6.4950 | 6.3652 6.3062 6.2773 6.2445
98 5.7504 | 5.6246 5.5690 5.5423 5.5126
99 5.0439 | 4.9259 | 4.8758 4.8526 4.8275
100 43792 | 42727 | 42302 | 4.2114 4.1923
101 3.7600 | 3.6683 3.6349 3.6215 3.6093
102 3.1894 | 3.1152 3.0920 3.0844 3.0798
103 2.6699 | 2.6148 2.6024 2.6009 2.6042
104 22034 | 2.1680 | 2.1663 2.1708 2.1817
105 1.7906 | 1.7743 1.7827 1.7926 1.8105
106 1.4314 | 1.4324 1.4496 1.4644 1.4882
107 1.1244 1.1399 1.1644 1.1829 1.2115
108 0.8670 | 0.8937 0.9235 0.9448 0.9767
109 0.6556 | 0.6899 0.7230 | 0.7459 0.7798
110 0.4859 | 0.5241 0.5585 0.5820 0.6166
111 0.3530 | 0.3916 0.4256 | 0.4487 0.4828
112 0.2515 | 0.2877 0.3199 0.3419 0.3744
113 0.1762 | 0.2079 0.2371 0.2573 0.2875
114 0.1221 0.1477 0.1733 0.1913 0.2187
115 0.0844 | 0.1034 | 0.1249 0.1405 0.1648

TaBLE 16. Stochastic Volatility Option Prices: f(Y,) = Y,, parameters are provided in
Table 2 along with x = $100, » = 0.05, 7 = 0.5

9.3. Option Price Tables.
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STRIKE(K) || y=1 | y=2 [ y=3 | y=4 | Black Scholes |

85 17.1038 | 17.1223 | 17.1158 | 17.3102 17.1066
86 16.1325 | 16.1585 | 16.1451 | 16.4053 16.1369
87 15.1641 | 15.1992 | 15.1760 | 15.5151 15.1703
88 14.1998 | 14.2460 | 14.2099 | 14.6412 14.2084
89 13.2416 | 13.3005 | 13.2488 | 13.7849 13.2531
90 12.2921 | 12.3650 | 12.2958 | 12.9480 12.3068
91 11.3544 | 11.4420 | 11.3551 | 12.1323 11.3724
92 10.4324 | 10.5343 | 10.4317 | 11.3398 10.4535
93 9.5303 | 9.6454 | 9.5315 | 10.5718 9.5542
94 8.6530 | 8.7789 | 8.6609 | 9.8291 8.6788
95 7.8055 | 7.9388 | 7.8261 | 9.1116 7.8322
96 6.9930 | 7.1293 | 7.0332 | 8.4180 7.0192
97 6.2204 | 6.3545 | 6.2871 | 7.7461 6.2445
98 54923 | 5.6186 | 5.5917 | 7.0936 5.5126
99 4.8123 | 49256 | 49495 | 6.4579 4.8275
100 4.1836 | 4.2788 | 4.3616 | 5.8377 4.1923
101 3.6080 | 3.6812 | 3.8275 | 5.2329 3.6093
102 3.0866 | 3.1348 | 3.3457 | 4.6453 3.0798
103 2.6190 | 2.6411 | 29138 | 4.0788 2.6042
104 22041 | 2.2001 | 2.5288 | 3.5386 2.1817
105 1.8399 | 1.8113 | 2.1873 | 3.0309 1.8105
106 1.5234 | 1.4731 | 1.8856 | 2.5623 1.4882
107 1.2512 | 1.1830 | 1.6201 | 2.1382 1.2115
108 1.0195 | 0.9377 | 1.3875 | 1.7630 0.9767
109 0.8242 | 0.7333 | 1.1845 | 1.4386 0.7798
110 0.6612 | 0.5656 | 1.0079 | 1.1651 0.6166
111 0.5264 | 0.4303 | 0.8549 | 0.9401 0.4828
112 0.4160 | 0.3227 | 0.7227 | 0.7594 0.3744
113 0.3264 | 0.2387 | 0.6091 | 0.6177 0.2875
114 0.2543 | 0.1741 | 0.5115 | 0.5086 0.2187
115 0.1967 | 0.1253 | 0.4282 | 0.4257 0.1648

TaBLE 17. Stochastic Volatility Option Prices: f(Y;) = exp(Y;), parameters are pro-
vided in Table 3 along with x = $100, r = 0.05, 7 = 0.5



